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Fast Fourier Transform

Trigonometric series A Y

fx) = f(z+ L)
Periodic function I /\ /\ /\ 2L, X

f:R—=R, f(z)= f(x+L) / \/ \\/ \,

can be replaced by infinite series of sine and cosine basis functions — trigonometric interpolation
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To calculate the coefficents ax and bx one must utilize the orthogonality property of basis function
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Fast Fourier Transform
Fourier series

Euler formula for complex number of unit amplitude enables connecting two functions of the same argument

i0 | ,—if
cos(f) = ‘ —i_;
e = cos(6) + isin(f) ,
. 619 L 6—@0
sin(f) = 5;

[(ak — ibk)eifykx —+ (ak +1 bk;)e_ivkx}

, 1
aj cos(yrx) + by sin(ygz) = 5

substituting the rhs of above expression into series we get the Fourier series with complex coefficients ck

@)= 3 ™ aeC | m=k

Coefficents ck can be calculated directly in the same way as ax and by — by projecting f(x) on each exponential function
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/ dx e~ rm® -/ = / dz e (g Z Ck/ dax e~ (rm=k)7 = ¢ Lok m
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L
Cr = Z/ dre 7% f(x) — coefficents of Fourier series
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Fast Fourier Transform

Discrete Fourier Transform (DFT)

Now let’s narrow our considerations to the case when the function f(x) values are given only at discrete
set of equidistant nodes. This finite number of nodes limits also the number of complex function
needed for reconstructing the function values at these nodes — this corresponds to interpolation with
complex exponential polynomials

We introduce equidistant nodes along x-axis

A L
N
z=Aj, j=0,1,2, N—-1_
and replace the integral \
]_ L i \‘ these are the same points due to periodicity £{0+L)=£(0)
Ck: = — d,flf Tk f(l') blue point is rejected to get the unige transformation
L Jo
by summation over discrete values
M= 27T]<:A' 27Tk, Flz:) = f
= — —UYET; A ’kaU:— )= —K)J T:) = .
Ck g e f(x j j J
J=0
N—-1
1 Z —i2Xkj
definition of DFT coefficients Cr = N e v fj




Fast Fourier Transform
Nyquist frequency and aliasing

When DFT (FFT) transform for equidistantly sampled data is calculated we encounter a frequency barrier.
Namely, for the sampling interval A, the number of sampling points, for e.g. a sine function, must be no less than 2
otherwise we cross the critical Nyquist frequency

Vkerit — ﬁ

It means that periodic function of frequency bandwidth lower than this threshold can be completely
defined by the set of function’s samples.

Unfortunately, when the function’s frequency exceeds this threshold, information from higher y-s

are shifted into the interval [y ke, Yxerit] perturbing these values.

This effect is called aliasing.

To avoid this problem, function should be sampled with frequency larger than
the function’s frequency bandwidth, if it is possible.



Fast Fourier Transform

Encoding positive and negative frequencies in DFT/IFFT

The DFT transform maps the set of N complex numbers (samples) into another set of N complex numbers
and this map should be unique. From the equation defining the DFT follows that

Yk S [_Wcrita’Ym‘it]

hence, we have N+1 data in reciprocal space. However, taking into account the periodicity of the phase factor
C- kg —C—-k+N

we reduce one excess point. Moreover, to avoid the use of negative indices for negative frequencies these are
shifted by N, so the usual relations between coefficents c« and the frequencies are following

Yo =0
N
Ve >0 <= k:1,2,...,?—1
N
Vo = Yerit k:E
N N



Example: FFT of f(x) given by expression

f(x) = sin(bw x)
+ sin(15w )
+ sin(25w )

Fast Fourier Transform

f(x) = sin(5w x) + sin(15w x) + sin(25w x)
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Fast Fourier Transform

A more common notation of DFT contains twiddle factors defined as complex roots of unit

To accomplish the DFT we need all coefficents, based on above
definition these can be obtained from simple matrix-vector multiplication

Co
C1
C2

CN-2

—_ e e e

The problem with such formulated DFT is that
it requires O(N?) operations, while the efficent

FFT algorithm can reduce it to O[N*log2(N)]

by exploiting periodicity of the twiddle factors
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4 N N? N -loga(N)
1024 106 104
4096 1.68-107  4.9-10%
16384 2.68-10%  2.3-10°




Fast Fourier Transform

FFT - algorithm Radix-2 (Cooley-Tukey)

The first publicly presented FFT algorithm (1965) to perform on a computer.
It assumes the number of samples to be processed is a power of 2

N=2"meN

We start considering the general formula for DFT

N—-1

1 _2m g
ckzﬁzoe Fkif k=0,1,...,N—1
]:

and divide the sum into two blocks, each contining only one type of elements, of even and odd parities
¥ ) ¥ )
/I s
cL = mz_:o fom €xp ( IF(Zm ) + mz_:o foma1 €xp ( Iﬁ(Zm + 1)k)

In the second term we may pull out the phase factor from the series
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Fast Fourier Transform

Using these abbreviations we get more compact formula

Ck = Pk + ©kqk

N
Now let's check what happens when the index k is shifted by N/2 | & — &k + 5}

S 2 f 2 o N
™ T -
P4y = Z f2mexp< I— m( )) Z fgmexp< I -+ mk) exp <_IW§> = Dy,
m=0
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Fast Fourier Transform

shifting of k by half of number of data gives at once the coefficents for the second
half without computing DFT, hence the number of computations is reduced by 2

In next step, each sum is again divided into even and odd parity elements which can
be processed separately, one more time we reduce the number
of arithmetic operations by 2

this consequtive reduction of number of data taken into partial DFT stops when
there is left only two elements

Now we may pose a question:

How to assemble all these partial DFTs?

The best way is to follow an example for small number of data, for e.g. N=8

(pk;Jr% = Pk
k44 = 4k
PN = —Pk

2
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Fast Fourier Transform

Example: factorization of 8-element data vector for DFT calculations:  top-to-bottom process/transformation

process

[top-bottom } N = 237 {f07f17f27°°°7f7} — Input data

1-st step S (for f1s -5 1) = &2 (foy fas fa f6) +wk - S (1, fa, f5, £7)

2-st step < (for for fas o) = &S (oo fa) +wk - S (fa, fo)
(1, S f7) = SO, f5) +wh - S (s, fr)

3-st step (k)(fo £) = fo +w§ - fa

(k) B k notice how the data are gathered
(f27 f6) = fa+ Wy - J6 <: in pairs at the lowest level,
we must set elements in this order

k

( )(fl f5) = f1+ wé’ - f5 Kto start the next bottom-up process

k k

v (s fr) = otk fr JL
botom-up process
to assemble

each division is made with {f07 f47 f27 f67 f17 f57 f37 f7} all coefficients
twiddle factor for the half of data (next two pages)

of the previous upper step
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Bit-reversal ordering

Before we proceed with calculations of coefficients ci further we must reorder the elements in the input vector.

Fast Fourier Transform

It is an easy task if we utilize the bit-arithmetic operation: bit-reversal

fo
h
f2
J3
Ja
f5
fe
f7

out of place bit-reversal
needs two arrays

000

001

010

AN

000

001

/]

011

100

101

010

011

100

110

N\

111

101

110

111

Jo
Ja
f2
fe
fi
5
f3
f7

in-place bit-reversal
we only operate on input data array

000

001

010

011

100

101

110

111

Remark: positions are exchanged only once,
between elements of one pair,
it's enough to scan half of the array

Jo
J4
f2
Je
1
5
f3
fr
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Fast Fourier Transform

Computing the DFT coefficients in fast way for 8-element array - FFT

Jo| fa|l fo | fe | il f5| fs | [Ir

0 1
X Wy

15 137 loa | 26| 15 37

04 | 2
E= _0 0

6
- 0 0 . 1 1.1 1.
X WY \ X Wi

0246 [135710246] 1357|0246 | 1357| 0246|1357

X w3 X wg

C7

Cp C1 Co C3 Cy Cs Cg

How much operations we do?
« each step requires N multiplications and N addittions m=N-p=NlogaN

* we make p steps N=2° - p =log:N



Remarks:

Fast Fourier Transform

algorithm Radix-2 is valid for the number of data equal 2°, if we are short of some data
e.g. we have (2r-k) then we may add these k empty elements (values=0) and performed FFT

the problem is becoming more serious when k is comparible with 2P , e.g. we have N=1025
and need empty 1023 array cells, in such case it is better to use another
FFT algorithm like e.g. PFA

PFA — Prime Factor Algorithm, is based on factorization of N into a product of prime numbers,
for each prime number it calculates the DFT which are then assembled into coeffcients

112 —2-2.-2.-2.7 113 — 113 114 = 2-3-19

there are other efficient algorithms which exploit computer architecure like split-Radix:
Radix-4, Radix-8, transformations are then performed for separate bundles of data
which can be simultaneously processed with vectorized instructions

if the real-valued function need to be transformed we may

use Discrete Sine Transfrom or Discrete Cosine Transfrom, these trigonometric
functions have the same periodicity properties as complex twiddle factors,

but we operate on the real values not the complex once,

hence the number of arithmetic operations is reduced by about twice

15



Fast Fourier Transform

Inverse FFT / \

choose [ € {0,1,2,...,N — 1}

1N—l N-—1
—i2 .k 12Tk
N J /
7=0 k=0
N—1 N-—1 N—1

[ —i37 (J—Z)} Z 2\ — —1 —  —i2x 1) L 0 «— I 75]
—o 0 N = =
N-1 , p  N-1

[e—z W(J—l)} _ N = NG,

\ k=0 k=0 j
N-1 ;| N=1 N-l N-1
Zelwlkck__:ijje_“vk(j ) N fiNoj1 = fi
k=0 7=0 k=0 7=0

N—-1

* to perform the inverse transformation we need to sum o
the coefficents with conjugated twiddle factors fi= g Ck el NIk
* note that the normalization factor now equals 1




Fast Fourier Transform

Multivariate FFT

Another great advantage of Fourier transform directly results from its definition, it is a linear transformation.
Thanks to this property the multidimensional FFT can be processed for each dimension separately from the other.
For the d-dimensional problem the basic DFT equation has the following form

N = NiNy...Ny4

SR . jlkl j2]€2 jdkd
Cki.ka,... Z Z ijl,h, Lja €XD | —127 N, + N, +--.—|—Td

31—032— 74=0

The data for each dimension can have different number of elements, and the FFT can be performed with
different FFT algorithms.
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Fast Fourier Transform

Applications of FFT

» processing of digital signals — analysis of:
* frequency/power spectra,
» correlation, autocorrelation
* convolution, deconvolution

 digital filtering, noise removal

» data compression: the MP3 format is based on Modified Discrete Cosine Transform

* in Physics:

* solving partial differential equations, e.g. the Poisson equation (Sine/Cosine transform)
e.g. Fast Poisson Solver in Math Kernel Library (Intel)

* calculations of Coulomb integrals for many-body quantum problems

18



Example (simple): filtering a noised signal

Fast Fourier Transform

fpure(x) =sin(bwt) +sin(lbwt) + sin(25 wt)

f(ili‘) — fpure(l') +7r

2.5

1.5

05

-0.5

-1.5 |

-2.5

froised, N=1024

F(k) = FFT{f(z)},

r ~ U[-5, 5]

[F(k)* <

1
— max
2

FFT

fpures fdenoised, N=1024

fdenoised

fpure

denoise
+

FFT1

0.5

(k)

N=20_1024 A -1
TN
T =14 2T
A]{;:W

— F(k)=0

-

200

Re( ck ), N=1024

150
100 i
o
0 '

Re(cx)

-50 "
-100
-150

-200

0

600

1
200

L 1 1
400 600 800
k

Im( ¢ ), N=1024

]
1000 1200
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200

Im(ck)
o

-200

-400

-600

200

400 600 800
k

1000 1200

J
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Example (advanced): solving Poisson equation in 2D/3D with FFT solver

The Poisson equation

Is Fourier transformed to reciprocal space (wave vector k)

FFT{V(r)} =

FFT{p(r)} =
FFT{V?} = k?

p(k

V (k)
)

= k?

S

Fast Fourier Transform

Math Kernel Library (Intel)
contains a routine named

V2V = p, Fast Poisson Solver

which use FFT for solving Poisson
equation on 2D/3D mesh of nodes
for Dirichlet and Neumann boundary
conditions

\_

Vi, = pr — VkZ%, k#0

after dividing both sides by k? we only need to perform the inverse transformation to get the solution

V, = FFT YV}

To solve partial differential equation we need to specify the boundary conditions, for Poisson equation
we define two types of them

 for Dirichlet boundary conditions we use discrete sine transform (DST)

V;“‘boundary — % 7é 0

e for Neumann boundary condition we use discrete cosine transform (DCT)

oV,

% ‘bounda"r‘y =0
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Fast Fourier Transform

Example (advanced): using convolution theorem to calculate integrals

In some quantum physics problems we need to calculate an electrostatic interaction between two charge densities
(Coulomb integrals — 2 particles x 3 position variables = 6D problem)

/dr/ qpl 1) p2(72) > (R — ) = 1

|7”1_7“2| T — T2

We may rewrite this integral to more convenient form, which can be fast/efficently
integrated numerically with standard methods (it is reduced 3D problem)

C— / WP (FOV (7)) e V() = / Ao (o) (7 — )
Q Q

before we make an integration we must calculate V(r.), this is done utilizing convolution theorem

h:R—R, ¢g:R—R — (g*h)(t)z/oog(T)h(t—T)dT

FFT{g(t)} = G(w), FFT{h(t)} = Hw) =  FFT{hxg}=G(w)H(w)
h+ g=FFT '{GWw)H(w)}
finally we get simple recipe to calculate the needed function V(r.)

V =pox f=FFT ' {FFT{p,} - FFT{f}}
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