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Wide class of problems in physics are defined in language of differential equations,
these can be further divided into two groups

* ODE - ordinary differential equations, which depends on single variable (univariate problem),
in many cases this variable is time then ODE defines/governs the dynamic of the system

example: dynamic simulation using Newton’s equation of motion like projectile missile

d’r = . 5 B
w = Lgravity + Fdrag + Ffm'ction + ... — ’I“(t) =7

here we are interested in finding the trajectory of missile that gives

the all information about the dynamic of the object =
range

* PDE - partial differential equations contain two or more independent variables (multivariate problem)

example: wave equation governing the dynamic of spatial-time oscillations of guitar string

O*u(x,t) i@zu(az,t) e u(at) =7 1 to u(x,t)

o RN\
* Here arise the question: how to find the solution? \\ ts // g

Only a small number (class) of differential problems can be

solved analytically or semi-analytically, the other ones must
be solved by means of numerical methods. b <81 S0 <ita<ls<T5
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1-st order ODE for initial value problem

Assume that u=u(t) is unknown function which fulfills differential equation

du

= f(t,u), teR, f(t,u)- known function

After separating the variables (dependent u and independent t) and integrating the equation
one gets an alternative formulation of the problem — the integral equation

t

du=dt f(t,u) = u(t)=u(ty)+ /dt/ ft' u(t))

 this formulation is useful if f=f(t) so the integral can be easily (?) computed numerically

* because integral equation provides the solution, the numerical schemes used to solve
the ODE are sometimes called the integration schemes (but rarely)

* u(to) — it is an initial condition, must be specified if we want to find the unique solution

* our task is to find/derive the method which allows solving the ODE but avoiding the explicit integration
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Finite difference method

All numerical schemes used to solve ODE are based on finite difference method.
So, by first, the mesh of n (equidistant) nodes at time axis must be introduced,
solution will be calculated at these nodes

/ Required parameters: \
d_u — f(t, u) * to — beginnig of simulation, usually t,=0
dt * tmax — the end of simulation
* n— number of time steps
e At — width of time step
t —to * Up — initial condition
At = ez 720 - /
n

t—ti=to+At-72, 1=0,1,2,...,n

u(t) = u(t;) = uy

u(to) = Uy

to t1 to t; tn time
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Forward (explicit) Euler method

If we know the solution at time t; (ui)) we may try to estimate the solution at next node ui.1
using Taylor series expansion

du
1 A — i -
u(t; + At) = u(t;) + il

e
[‘f]—ﬁ‘ - 11t u)]

after substituting first derivative by r.h.s. from ODE and truncating the series after first order term we get

d?u

1 5 1 d%u
2! dt?

T 3raE|,

~
truncated terms

At+ At +

[UH—l =u; + At- f(t;,u;) + O(A tz) ] - forward Euler formula

O(At?) - local (truncation) error
Remark: truncation makes sense provided that At is small, namely under condition

At <<1

under such condition, the largest contribution to local error comes from
the truncuted term of lowest order in At

« forward Euler method is explicit one, it means that the values of all terms on its
r.h.s. are known, hence allowing one to compute the value of ui.1 (I.h.s.) directly

* besides explicit schemes there are implicite ones, which don’t have this feature
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Local error vs. global error, order of method

All difference schemes are characterized with their own local (truncation) errors

[Gloc ~ O(A tp+1> ]

Solving ODE with any of finite difference based method is an iterative process

START: wug =% up + O(A#PTY) 25 4y + O(APT) 25 25 4, + O(APTY)  :STOP

and during this process we shall expect the local errors will accumulate at least partially increasing the global error.

Global erorr is the difference between (usually) unknown exact solution u(t,) and that obtained numerically un

[Eglob = u(ty,) — un] u(t,) - exact solution
u, - numerical solution

By assuming the worst-case scenario, the local errors would accumulate instead partially
cancelling themselves, the global error can be easily estimated

t
Egiop =N+ €1pc = Zatx O(AtPT) = O(AtP) p — order of difference method

 factor p defines the order of the method,
the higher the value of p is, the better, i.e. more accurate, is the difference method

Remark: the order p of difference method is always smaller than the local error (p+1)
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Order of method vs. global error

Egop = Cp - AP, Cp, — constant

Egiop
/-log(...) I = AP
Cp

log (EglOb) =p-log(At)
Cop

log(Egiop) = log(Cp) +p - log(At)

In the log-log plot above expression is linear with slope depending on factor p

log ( E glob )
worse A
accuracy
A
Y
better
accuracy log (‘;A t)
slower < > faster
computations computations

Remark: due to much better computational efficency the use of the higher order methods is recommended
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* the global error defines also the rate of convergence of numerical data to the exact solution when At decreases

* Euler difference scheme is the 1-st order method i.e. the lowest order method among those used to solve ODE

* the time step At plays crucial role in the iterative process of solving ODE, how to choose its optimal value?

We shall equilibrate two imporatant factors:

(i) smaller At gives better results
(i) smaller At means more steps need to be taken to get the tm.x point

There are no general rules which allows to estimate an optimal value.

As a rule of thumb, the first guess of time step would be

tmam

100

A tguess —

next one must experiment with smaller values

A tg’U,GSS A tguess A tg’LLGSS A tguess A tg’U,BSS A tguess
2 5 7 10 7 20 7 50 7 100

until for two consequtive time steps the solutions converge at some acceptable level of accuracy.
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* pseudocode of Forward Euler method

input parameters:
Il,to 7tma3:7 Uuop
initialization :
At « lmaz—to
U “— U "
t<—t0
iteration :
for i=1 to n do
u—u+At- f(t,u)
t—t+ At
end do

10
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Numerical stability

Stability is the basic property we required from the difference scheme.
Stable method generates the bounded numerical results irrespective of the number of time steps

[EIAtE]R — lim wu,, < oo ]
n—oo

Obviously stability can not depend on the method itself solely but also on the r.h.s. of ODE.

Therefore in order to standardize the considerations on stability,
it is often considered for the linear autonomous ODE problem which has simple analytical solution

du .
— = f(u) - autonomous problem (no time dependence),
dt r.h.s. depends solely on the solution
linear autonomous problem
du
— = A\u AeC
dt ’
has exact solution
u(t) = et

11
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Forward Euler method applied to autonomous problem gives
uH_l:u,,;—kAt-f(tz-,ui):ui—k)\At-ui, (f(t,u):)\u)

and rewriting this expression in more compact form

let’s introduce new variable z

z = AATL, z2eC
and define the stability function R(z) for forward Euler
R(z)=1+4=z2

[ ui+1 = R(2) u; ]

Because the value of R(z) is fixed for given At and A, one may expand the solution by rewriting
it so as to make it dependent on the initial value uo

wir1 = R(2)u; = R*(2)ui—1 = ... = R (2)ug

- R(z) amplifies the solution from previous time

The last expression implies that the stability is guaranteed, provided that the following condition is met

Ui+1
Uj

— ]R(z)| <1 - stability condition

12
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We get the stability condtion. Let’s analyze it for the Forward Euler method

R(z)| =1+ 2| <1, 2€C, z=Re(z)+1i-Im(z)

142 = /(T + Re(2) 2 + (Im(z))? < 1

(Re(z) +1)% + (Im(2))* < 1
let’'s substitute new variables \ circle

T = Re(z) To = —1 (:C o 330)2 + (y - y0)2 < 1

yzlm(z), yO:O

and rewrite this condition with new variables

9 9 L : : : :
T — — <1 it's an inner part of circle which has the radius 1
( 0> + (y yO) T and is centered at (-1,0)

/ stability region of Forward Euler \

(-2,0) because: At>0
(-1,0) Re(AAt)

)_ ihi H .
W stability requires: Re(A)<0
\ unstable J

13
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Example: autonomous problem solved with forward Euler method d_u —\-u
dt
* A>0, conditionally stable solution, * A<0, unconditionally * A<O0, unstable solution if
only for finite number stable solution if z<-2
of iterations -2<z<0
Forward Euler: A=+1 Forward Euler: A=-2 Forward Euler: A\=-4
22 T t I T T 1 I I t I 4 T I I T T
20 |- exact —— exact — _
= SN :
16 | n=10 —— : n=10 ——
14 | =20 —— 0.7 | N=20 —— 1
= 12 n=50 06 [ n=50 —— 0
S 10 = 08 . 5 -1
e 0.4 r 1 g exact
6 0.3 . i
. z=24 ——
4 02 F . 4 220 ——
g L ! 1 1 l 01 | n _2 - Z=|_1'71 | 1 I
0 : i
0 05 1 15 2 25 3 0 05 1 15 5 0 05 1 15 2 25 3
t . t
Forward Euler: A=-2 Remark: stability doesn’t guarantee

the results are accurate, these can be

Forward Euler: A=+1 .
10 .29 completely defective
I T I T |
. n=b ——
g . n=10 —— - 0.2
< -1 n=20 —— >
"g 6 7n2788 § 0.15 stability region of Forward Euler
L 5 ?I.’ Alm()\/_\t)
5 4 2 0.1 _
w3 07 “~\/ (-1,0) Re(AA1)
0 unstable
0 05 1 15 2 25 3 0

t 14
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Backward (implicit) Euler method

We have convinced ourselves that the problem of large local error in forward Euler method is a result of fixing
the value of first order derivative at the beginnig of a next step. Consequently for strongly nonlinear solution u(t),
the predicted numerical value at next time step might be over- or under-estimated.

Here we may pose a question:

What will happen if instead of present value of derivative (r.h.s. of ODE) we use its value in the next step?

This question leads us straightforwardly to the definition of the Backward Euler Method,
which again we derive from the Taylor series but using the backward expansion of the solution

du 1 d?u
U(tz) :u(ti_,_l) — - At—|—— D) AtQ—l—
dt |, | 2 dt* |, |
H,—/ . ~ _/
=f(tit1,uit1) truncation

after rearrangement of terms, truncation of higher order terms and replacing derivative
with r.h.s. of ODE we get Backward Euler formula

Ui = Ui + At f(tig1,ui1) + O(AE?)

Remarks:

* the local (truncation) error has the same order as forward formula
* the method is implicit, in order to find the solution at next time step we must put it into r.h.s.

We can solve this problem with:
(1) Picard iteration

(2) transform equation into the nonlinear one and find its solution (ui:1) using the secant or Newton method 15
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Picard iteration for implicit method

Picard method relies on assumption that the solution in next step ui.x shouldn’t differ much from
a present one u;, therefore we may find the solution by following the steps below

1) set Ui+l S U;

2) modify ui.1 by computing the I.h.s. of the backward formula

3) put the modified ui:; to the |.h.s.

4) repeat steps (2) and (3) iteratively until ui.1 will stop changing
(~5-20 Picar iterations are usually needed)

o k+1 k
covnvergence criterion: U;pq — Ui+1| <eg € — small number

k — index of Picard iteration
/ | k:O | \
START:  wi ) < u;

replace

~ N

Ui?ff —ui + At f(tigr,uly)

7

W

N
\ improve /

16
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e pseudocode for the Backward Euler method combined with Picard iteration

input parameters:
natO;tma:ca uo , Eakma:c
initialization :
At%w
U <— U
t<—t0
iteration :
for 1i=1 to n do
t—t+ At
Upld < U
for k=1 to k,,que do
Unpew < U+ At- f(t, uold)
if(|unew—uold|<5) then
U < Unew
break
end if
Uold < Unew
end do
send to output: t, u
end do

17
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Backward Euler scheme combined with the Secant/Newton method

First, the difference scheme shall be rearranged to form a function of unknown variable ui.1

i1 = Ui + At~ f(tig1,uip1) + O(AL?)

nonlinear function: F(ujr1) = wip1 —u; — At - f(ti01, wig1)

We look for such value of ui.1 which gives F(ui:1)=0. Making one step in Backward Euler method
requires employing one of the methods devised to finding the roots of a nonlinear function: Newton or Secant method.

The choice of one of these two methods depends on that, whether derivative
of f w.r.t the variable ui.; can be calculated analytically or not:

« f(t,u) is given as an analytical expression, then Newton iterative method is recommended (order: p=2)

(. general formula ) ("« working formula )
k
S S N i C 150, SRk Uit — U — At f(tig1, i)
aui—i_l k 8u _ Kk
Wit U=Uz, ¢
N\ J \ J

* when the derivative of f(t,u) is not known (e.g. the expression for f is not known) or its calculation is difficult,
then the Secant method is used (order: p=1.618). This iterative process requires two starting points

* general formula & k k1 « example starting points
k+1 _  k F(uiiq) (U¢+1 — Ujq ) k=0 _
U, = U, — U1 < Uy
1+1 1+1 F(uF F k—1 1+
(uiy1) — Fuiy) k=1

18
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pseudocode for Backward Euler method with embedded Secant method

input parameters:
Il,to atma:c y Upg, &€ akma:c
initialization :

A t — tmaz—to
mn

U <— Up
t<—t0
iteration :
for i=1 to n do
t—t+ At
starting points for Secant method:
Uppy < Uy

Uiy — Ui+ Atf(tipr,ugy )
Secant iteration:
for k=1 to k.. do

Fuf) «— uir] —us — Atf(tipr,uf )

z—|—1
k k
F(Uz‘+1) Ui — U — Atf(tiqa, z—i—l)
k+1 k F(uz+1)(u1+1 uz+1)
U, — U —
141 1+1 F( +1) F( t-l—l)
if(héﬁf-—1%+l|<:a) then
k+1
U — Uy
break
end 1f
end do
send to output: t, u

end do
19
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Stability of Backward Euler Method

Stability analysis proceeds the same way as for the forward Euler formula for the linear autonomous ODE problem

du

— = A AeC

oy u, S
U1 = Ui + AAt Ui41

stability region of Backward Euler
(]. - )\At)uiﬂ = U,

Im(AAL) A
. — 1 .
YT T A (1,00 \ Re(AA®)
. >
| unstable
R(z) = 1_ 2 z = AAL stable overstable
stability condition:
R = ——— <1 = 1<[l—2
2)| = _
1=z = =17

 stability region extends outside the circle of unit radius centered at z=(1,0)

20
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Trapezoid method

Derivation of difference formula again is based on Taylor series, but now we combine forward and backward expansions

du 1 d?u 1 d3u
LA =ult;)+ —| At+ ———| A2+ ——| At +...
@ e+ U(Hdttl_ Torae|, 2t Taias|, ot T
du 1 d?u
t) =u(ty) — — At + = —— At?+ ...
- ulti) = ultivn) = - T3 e - +
du 1 d?u
tirg) = u(t;) + — At — — —— At?+ ...
- ultivy) = u(ti) + — s 2 di? |, +

before we add (1) and (2a) we must replace the second order derivative for time step t=ti:1

d*u B d?u d3u

— = —| + —| At+O(At?)
ez |, od2], " d ],
@B)  u(tiv) = ult:) + dul  np L | T o At +O(AB)| + 2 Pul N
U\t; = Uu\it; — — = —Q — —
1 dt |, 2 de? |, dt? |, 3! dt? |,

difference scheme for trapezoid method

[_ = u(t; + At) =u(t;) + % [f (tiy i) + f(tiyr,uig1)] + O(AE) ]

* implicit as backward Euler but it is 2-order method (higher accuracy)

21
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Stability of trapezoid method

Let's consider linear autonomous problem * trapezoid difference scheme

du At
a7 = \u u(ti + At) = U(tz) + o [f(ti, Uz) + f(tz'+1, Uz’—l—l)]
At
Uil = Ui + 5 [u; + wit1]
At At
1—7 Uit = 1+T u;
stability region of trapezoid method
z = AAL Im(AAL) ,
 stability function Re(AA 1)
e
>
R(z) - Uit1 _ 1+ g stable unstable

Remark: region of stability is the left half

 stability condition of the complex plane

RZ)|<1 — 242 <[2—4

22
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* summary — simple Euler based methods

method formula order | R(z) type step
Forward . stmple
Euler Ui1 = Ui + ALf (b, uq) L L+ 2| explicit substitution
Picard
Backward . ..
Fuler Uir1 = U + Atf(tir1, uiv1) 1 1iz implicit Newton
Secant
) Picard
Trapezoid | u;11 = u; % f(ti,us) + f(tig1, wivt)] 2 ?_rg implicit Newton
Secant

Im(AAt)

(2.0 (-1,0)

ﬂtability region of Forward Euler \

Re(AAt)

stable
\ unstable

v

J

ﬂcability region

Im(ANAt)

of Backward Euler \
m Re(A A1)

-

unstable

stable

overstable

Im()\At) /

6&bﬂity region of trapezoid methom

\

Re(AAt)

-

stable

\_

-

J

unstable

23
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e example: linear autonomous problem

|Uexact(t)-Uil

0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1

0.16
0.14
0.12
0.1
0.08
0.06
0.04
0.02
0

A=-2,n=10

I I | [
exact

I
forward Euler ————
backward Euler ——
trapezoid ——

05 1 15 2 25 3

t

A=-2,n=10

| forvlvardlEuIelr
backward Euler
trapezoid

0

05 1 156 2 25 3

t

du

E:)\U

u(t)

|Uexact(t)-uil

A=+2,n=10

~ backward Euler y
- trapezoid

- NN W, OO N0 OO
I

[
exact
forward Euler

1 ] | |

0 02 04 06 08 1

t
A=+2,n=10

T

| ;‘orwalrd Euller
backward Euler
trapezoid

0O 02 04 06 08 1
t

24
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Solving n-th order ODE with numerical methods devised for 1-st order ODE

 first, let’'s consider simple but nontrivial case, i.e. 2-nd order ODE

d*u du\"? q
prolRs a(t,u) prll s b(t) (uw)* +¢(t) =0, p,q, €N, R:(u,t) = alt,u), R:t—ct)
du
- to find unige solution we need 2 initial conditions:  u(tg), us(tg) = a7
t=tq

* in this example ODE is nonlinear i.e. the function u may enter the equation with power higher than 1,
this is just a little generalization, it doesn’t make any difference for the following algorithm.

* let’s rearange the terms slighty, leaving the highest order derivative on the left side

2 P dQ_u _ ” du
f(t,u,w) = —a(t,u)w? — b(t) (u)? — c(t)

* now we introduce new auxiliary variable w(t)

u = u(t) ~ final solution
du - " :
2-nd order ODE — = w(t) — definition of auxiliary variable
transformed to | o ) dt
system of dw d?u
1-st order ODE = 75 = ft, u,w) — 2-nd order derivative change into
dt dt 1-st order of auxiliary variable

25
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* 2-nd order ODE was transformed into a system of two oupled 1-st order ODE

* now the problem might be solved with one of the methods devised to solving the 1-st order ODE

As an example we may consider Forward Euler method

((du ,
< E_w(> . ui+1:ui+At-wi

dw _ <d2_“> = f(t,u,w) Wit1 = wi + At~ f (s, ug, wy)
| dt dt2

input parameters:
nathtma,;Ua Up , Wo
initialization :
At&@
U <— Up
w <— Wp
t<—t0
Forward Euler iteration:
for i=1 to n do
Uold < U
Wold < W
u—u+At-wyg
w—w+At- f(t, Uolds ’wogd)
t—1t+ At
send to output: t, u, w
end do
26
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now we may consider the transformation of n-th order ODE into a system of coupled 1-st order ODE

+ n initial conditions:

d™u du d*u d" 1y

—:f t7u7_7—7'°'7— -1

dtn dt’ dt> dtn—1 (t) du d"
0/, dt t:t07 ’ dtn_l

t=to
* this transformation needs (n-1) new auxiliary variables

* instead of using n different symbols it is better to work with a single symbol with
enumerated index being prescribed to particular variable

u(t) = u’ (1)
( dud B 1(t) B du Remarks:
dt u dt « the upper index k determines
1 5 the order of derivative (auxiliary functions)
du” _du
At u”(t) T A2 « now we might look for the solution
in a vector form (simpler notation)
{ du? 3 (1) d>u
— = U _
dt 13 U= [uo, ut, u? ., Un_l}
du™~1 d™u
= f(t,u’ut, . ut = —
= (=)

27
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Let’'s rewrite the system of 1-st order ODE in a vector form — the mathematical notation
as well as the computer implementation of algorithm will be simpler
(especially for implicit methods)

d™u
am =7
I (auxiliary variables)
( duO ~
E = ’I,Ll (t) = fO(t,’LL)
du? .
e u?(t) = fi(t, @)

2
| =0 = e

( 'L_[:[uo, ul, u?,. ,,u”_l}
< ]?: [f07f17f27' an_l]
di =z
\%: (t?u)

28
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Pseudocodes for solving the system of 1-st order ODE with Euler methods,
modifications rely on replacing the single variable by 1-d arrays (vectors)

 Forward Euler

\_

e

Forward Euler

Input parameters:
n,% ,tmax ﬁO — ﬁ(tO)
initialization :
At - tmaz—t0
— — &
U <— Uop
t<—t0

i=1 to n do

—

U«—u+ At- f(t,u)
t—t+ At

send to output:
end do

for

lteration :

~

—

t, u

J

« Backward Euler + Picard iteration

//fin$N1t parameters:

n,t ,tmaz ; Uy = ﬁ(tO) s B slman
initialization :
;At<—-5M%:@
U ’L_fo
t«— t()
Backward Euler iteration:
for 1=1 to n do
t —t+ At
(L_":old — U
for k=1 to k.. do
ﬁnew — U+ At f(ta ﬁold)
if(”’lfnew — ﬁogd’|2 < 6) then
U < Upew
break
end if
ﬁold = ﬁnew
end do
send to output: t, u
\\‘ end do

~

/
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