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General information about MD

* Molecular Dynamics in its basics version is a computational method that allows for simulation
of dynamics of group of interacting objects (particles, molecules, atoms, composite objects)

« description of dynamics in classical version of MD is based on time-integration
of Newton’s/Hamilton’s equations of motions, the real forces are conservative and are derived from
interparticle-interaction potentials as gradients, imposed external (single-particle) forces
(electric, magnetic, gravitational, etc.) and some fictious forces that helps us to maniuplate
the system in question as a whole (temperature) or enables the manipulation of
its particular components (single particles, molecules, other objects)

J. Comput. Chem. 33, 2412-2439 (2012) Int. J. Integr. Eng. 14 (2022) 137-159
v =y o 5

* more advanced modern versions of MD are combined with fast quantum mechanical methods
(e.g. DFT) and allow for simulations of quantum dynamics of objects like atoms (nuclei+electrons),
their impacts, chemical reactions
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* generally the basic MD method is used in simulations in microscale, that is, on the length scale
which ranges between a few angstrem to few hundreds nanometers for :
* mass, heat and charge transport,
* properties of gases, liquids and solids
« atomic clusters, nanoparticles, biomolecules, nanostructures, composite materials, interfaces
* material properties

J. Phys.: Conf. Series 438 (2013) 012021 Comp. Mat. Sci. 185, (2020) 109978
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* sometimes simple rescaling of interparticle interactions range brings MD method to macroscale,
e.g. simulations of evolution of galaxies

»Numerical simulations in molecular dynamics” - Griebel, Knapek, Zumbush

TIME
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* most MD simuations contain few hundred to several thousends of objects, but advanced modelling
of e.g. material properties requires milions of particles

* high-order time-intergrators for ODE are required, particularily the total simulation time may require
of making milions of time steps, time step shall be carefully chosen due to possible occurence
of strong and soft interactions as well as different time scales of simulated processes
(spatial motions of substrats vs. kinetics of chemical reactions)
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Physical and numerical basics of MD simulations

e our primary goal is to simulate the dynamics of system containing N interacting particles

« considering d-dimensional problem, we in fact are focusing on searching for 2dN element
trajectory in phase space i.e. the position-velocity vector

.,/Y
RN I i (1),
s
* itis the minimal amount of data that defines uniquely the present state of the system,
other information (energy, temperature, forces) are simply functions of this vector’s elements

* MD algorithm begins with determination of interactions in the system, these are described
within language of potential energy, from potential one derive the forces exerted on each particle

potential = potential energy

POTENTIALS FORCES * MD uses model potentials which
. - are derive_d and parametri_zed _
° .ml .k B .ml SO as to give good approximation
\Ui,k; / \Fik ‘ﬁ of real interactions (but not exact ones)
Ui, il
B m; ® _> B m; ® * model potentials always describes
UlText) U, Fextl . interactions in simplified way i.e.
? Fis very weak interaction are neglected
®m, om, due to their insignificance for dynamics,

other are parametrized with reduced
number of required variables
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Equations of Motion

« total potential (energy) is the sum of all single- and many-particle interactions (two-, three-body etc.)

Utot — Utot(F177?27 S 7FN)

Utt—ZU(l) —I—ZZU(2) P Y Y Y US(F, 7, ) +

7; 7>t 1 J>1 k>5>1

g . -

single two-body higher order interactions

single-particle interactions: external conservative forces like gravitational, electric, magnetic
(+ sometimes non-conservative frictional or drag forces)

two-particle and higher order interactions: conservative forces mostly of electrostatic nature

* conservative nature of potential allows to calculate the force exterted on i-th particle as its gradient,
knowning the force one immediately can use the second Newton law to find the acceleration

B =~V U q:[a 0 a}

T Oz’ 8y" Oz * Newton’s second law
Fi= =V, (UM () + Y UD (@, 7) + . e i = —
my;
71>1
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Velocity-Verlet time integrator

* nonequlibrium forces drive the dynamics of particles, propagation of system of particles in time
requires the use of good, high order time-integrators and the most popular is
the velocity-Verlet scheme (second order method for both: position and velocity)

1 U (t+ &) = 4;(t) + §ta,(t)

)
) Tt AL = () + 3 (t+ AL At + O(A)
)
)

()

3) compute new acceleration at new position: a;(t + At)

1 Ui(t+ At) = T; (t+ §) + BLa(t + At) + O(At?)

Other integrators are also possible, especially symplectic ones are recommended,
but they are used occasionally rather as part of professional/commercial packages.
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Example pair-wise potential: Lennard-Jones potential

The simplest two-particle potential describing interaction of two atoms with closed electron shell
Is the Lennard-Jones potential

U A
12 6 ~ L
o o 7“1 2
TE’I“Z'j — ULJ(T):ZLG(E_T_ES)
FPovin — L1220 T
€ and o are parameters depending on type of atoms, 0 ° >
€ - defines the strength of interaction, !
o - sets the length scale ; 1
* the first term in bracket describes strong repulsion of two atoms : r6

when these are close to each other and their electron densities o eT """
are being deformed

« second term is the electron density polarization effect responsible
for mutual attraction of atoms at larger distance e/ kp|K] | o[nm]
(van der Waals interaction)

He 10.2 0.228

* LJ potential belongs to class of short range potentials,
for r~3-4 o the interaction (force) its influence on dynamics Ne 47.0 0.272
becomes insignificant as oppose to long range Coulomb potential

Ar 119.0 0.341

Kr | 164.0 0.383

Other types of pairwise potential can be found in book chap. 2.3
"Multiscale modeling of complex molecular structure and dynamics with MBN Explorer”, Springer,
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Truncation of Lennard-Jones potential

* the short range nature of LJ potential suggests that
the given i-th particle strongly interacts only with particles
localized in its immediate area while the the interactions
with more distant ones can be neglected,

usually the cut-off range is assumed at value

Tcru’t — 2-50-

ULJ<7“cut) = —0.0163 ¢

* the use of cut-off potential increases performance of
MD method (part of computations are skipped), but

it perturbes the results for the following reasons

cut-off makes the potential non-differentiable
at re. point (differentation of step function gives the Dirac delta)

even the vanishing forces from distant atoms can not change
the dynamics of particle, when neglecting their contributions to
total potential, this potential becomes higher than in should be

neglected
interactions

10
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* the potential discontinuity issue is resolved by improving the tail of LJ potential
so as to make it smoothly vanishing exactly at reu

* example modifications for truncated LJ potential

* example | (polynomial scaling)

G1(r) = 50 4e ( D7 - %)

76
1 < r S Tcut
—_— 2 J— J—
S(r)y = 1- U= Braesn=®0 e 1y <r < e
0 <~ T > Teut

Tl = Teut — A0, Aoc~02-04
« example Il (subtraction of derivative)

_ oU:
Up;y =Urs(r) —Urs(reut) — % (1 —Teut)

T=Tcut

* the amendment to total energy resulting from neglecting distant atoms interactions
Is taken into account by calculating the Ewald sum, this method exploits
the Fast Fourier Transfrom in calculations of interaction with the replicas of the system
periodically repeated in space — due to limited time designated for the lectures
the details of this method are left untouched.

11
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Nondimensionalization of equations

* making numerical calculations using Sl units is not very comfortable due to very low scale (e.g. atoms)
or large scale (e.g. galaxies) of the numbers one operates on

* to get rid of this inconvinience the physical quantities must be nondimensionalized before,
the one may operate on dimensionless numbers

z [ST]

m —  z[Si] = 2'[—]  zres [ST]

/-] =

z [SI] —any physical quantity defined in S| unit
Zwei [SI] — reference quantity of the same type in Sl unit
z' [-] - dimensionless quantity used in MD

* length and energy (potential)

structure of LJ potential suggests the following choice would be a good

Tref =0

Ere_f = €

ULy € ol? 0O 1 1
/ _ _ J—
ULJ(T) - Efref - 4; (0127“’12 - gbr6 | 4 r12 - r!6

12
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* temperature, Boltzmann constant k,

We know the reference energy so it can helps to find the temperature reference,
both are related through thermal energy

Eref _ €

ks ks

F=KT — Eref = karef — Tref =

Remark: T.r depends inversly on Boltzmann constant ks, hence it eliminates it from
all dimensionalized equations

ky
kb,ref

kb,ref = kb —— kl/) = =1
* mass

If considered system contains atoms of only one type, its mass could be refrence mass

Mpef=m =— m' =1

* velocity

Here we can use the equipartition theorem to link velocity with other known refrence quantities

3 mv? 3 m/v'? 3
Ekin = ika ——— T = §]€bT 5 [mref’l)gef] = §k£T/ [kb,refTT'ef]
. kb,refTref . Eref
Uref = —
Myef Myef

13
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* time

We have the reference length and velocity, from these we get reference unit of time

2
v _ Tref mrefo-ref
ref tref Eref
* force
Here we can use Newton EOM
d?r r E
F:m—2 — Fref:mref;—ef = ref
dt tref Tref
* pressure
From definition of pressure we get
L F Fref Eref
p A A — pref — 2 3
LAY Tref rref

14
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Example unitless quantities for monoatomic system - summary

Remarks:

unitless quantity

quantity reference unit
length Tref = O 7!
energy Erer =€ E, U
mass mref =m m' =1
Boltzmann constant ks k=1
2
: MrefV e /
time —rel t
Eref
. Eref / /
velocity E, U
Myef
E’r‘e
force ! F’
Tref
E'r'ef /
pressure = D

» all quantities are expressed by three basics units: length, energy and mass
» for a mixture of atoms of different types these could be chosen differently

15
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Optimization - Partitioning the system into cells

* the first step in optimizing the MD algorithm was to cut-off the interaction at some point and neglect
interactions with remote atoms

* however, one must keep in mind that ending optimization at this stage
still would require checking interparticle distance for all N2 pairs

* such brute-force searching of interacting atomic pairs decreases performance of MD algorithm

* more efficient searching method requires division of the system on smaller subsystems (cells)
of size related to r..:and checking interaction only in close neighbourhood of the chosen cell,

besides nearest
(i) the information about the cell positions — (cell data structure) neighbourhood
we also need an information about 1+8 cells
(i) all particles contained in each cell (cell’'s particles data structure)
.y . . . o ® J ®
e partitioning of system into cells in 2D system o o . L
(with minimal neighbourhood) >
[ J o
o .. . , . Y [ ] @
minimal widths of cell's edges: . /./—\ °,
AL$7 ALy > T'cut Ly L ° ° 7? \
oo | ° |
[ ]
* numer of cells: o Jk b
Lac Ly . < o0 ® *
my = floor { — |, m, = floor [ — .
/rcut rcut ALyI o ® .. [ [ ]
* target cell sizes X i
AL, ==-%, AL,=-% | L, g
My My = g

16
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Boundary Conditions (BC)

* the simplest MD simulations are conducted for atoms confined in square (2D)/cubic (3D) box

» for the atoms settled at the nodes of a square/cubic lattice we may calculate the number
of atomes residing at the boundary edges/walls

3D

2D

What is the problem with boundary conditions?

Reflected BC — atoms reflects form boundaries
and moves toward the interior of system,

* the depleted particle density layers are formed
near the boundary

* reflected particles do not randomize their velocities, N = n2
so they introduce long-time correlations
to the inner part of system Nooundary 4
 artificial long-time correlations destroy N
anticipated correspondence between simulations
and theoretical description derived for infinite

systems n N Nbouﬁdary n N Nbou];nfdary

1 N =n?
- ﬁ Nboundary . 6 12 8

n n? nd

10 | 100 0.36 10 | 1000 0.488

Periodic BC — are introduced to rid of the
artificial reflections/fluctioations
and hence to mimic the infinite systems

100 | 10* | 0.0396 100 | 10° 0.0588

17
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Periodic Bondary Conditions (PBC)

* these conditions mimics the infinite system by filling the space with copies of simulated system

« particles at positions close to any boundary now may interact with copies of particles from
the opposite side of the system

* now each particle is surrounded with interacting neighbours, in more or less homogeneously manner
(assuming it is a gas phase)

° O.J. .o Q.J. .o Q.J. i
....'. :- ..,.'. /./t—;\..‘. :.
° . @ .... . .(.. “rcut ® .. °
... ..... .... ...J y.. ..... :

18
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 algorithm for finding the nearest neighbour cells

Let’s consider 2D system with cells structure stored in 2D array (e.g. C/C++)

mg, m, — number of cells in x/y direction

set the indices of central cell:
for cell_x1=0 to m,—1 do
for cell_yl1=0 to m,—1 do

determine the indices of the nearest cells:
for i=1 to 1 do
for j=1 to 1 do
cell_x2= (cell_x1+4i+m,;) mod m,
cell_.y2= (cell_yl+j+m,) mod m,

end do
end do

end do
end do

19
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Optimization - Linked-Cell Method
* |et's assume N particles are enumerated along with the indices in 1D array 1=0,1,2,...,.N —1

* two arrays are needed for storage of data (both initialized with some negative value e.g. -1):

—1]-1] -1
header|0 : mgy — 1|0 :my — 1] =] =1 | =1 | -1
—1]-1] -1

link[0: N — 1] =[ 1] -1 ] —1]...] 1] -1

* now let's assume that in cell (kyk,) there are 3 particles with following indices: 3, 27, 43
Iterating over all particles indices the following actions are taken

i=3: link[3] = header[kas] (ky| = - there is no particles with lower indices in cell
header|kz|ky| =

i =27 link|27] = header|kz||ky] =3 - link to previous particle
header|kz|ky| = 27
i =43 : link[43] = header|kz]lky] =27 - link to previous particle
| =

43 - highest particle’s index in cell

20
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* scheme of example linked cell method

&
eﬂ_\p\}% @q\o\}
O QQ‘ \)OQ
" XS
g /N /\
link 1l | A 3] |/ |27
1= 0 3\/ 27\/ 43\ header kx| [ky]
T43

read indices: 43, 27, 3

Remarks:
* method is simple and fast ~O(N), only one iteration over particles is needed

to ascribe them to proper cells

* method uses minimal data structure N+m,*m, integers for:
link array and 2D header array

* extension to 3D is straightforward (just add the third index to header)

21
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* linked-cell algorithm for ascribing particles to cells in 2D

for i=0 to N—1 do

L,

ky = floor (Pl

k.. = floor (particle[z’].m)

particles on the right/top boundary would be orphaned
if(ky == my) ky =mgy — 1;
tfiky == my) &y =my; —1;

link[¢] = header[k;][k,]
header [k; | [ ky]=1

end do

22
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* linked cell algorithm for calculations of two-particle interactions (double counting eliminated)

for i=0 to N—1 do
particle|i].fx = particleli]. fy = particle[i].u =0
end do

for i=0 to N—1 do
k. <« particleli].kx; k, < particleli].ky; x; < particle[i].x; y; < particle|i].y
for jzo=k:—1 to k;+1 do
for jyo=ky, —1 to k,+1 do

Ja (Jaco—l-mgc)7’1’1,odmm //indices of cell containing j—th particle

Jy = (Jyo + my) modm,

j = header|jz]|jy]
while j> —1 and j>i do //eliminate double calculations

x; = particle[j).z; y; = particle[j|.y;
@f(]:ro <0)zj —z; — Ly

if(Joo >=my)x; — x5+ Ly
7ff(JyO <0)y; —y; — Ly
i Jye >=My) Y; +— @31 Ly
compute_force_u{T;, Ui Ti, Yis Wiy fuigs Fyiz)

particleli]. fx — particleli]. fx + fzi;; particle[j].fz — particle[j].fz —
particleli]. fy « particle[i].fx + fyi;; particle|j].fy < particle[j].fz —

particleli].u «— particle[i].u + w;;; particle[j].u < particle[j].u + w;;
j=link [j] //read index of next particle
end do
end do
end do
end do

fa:ij
Jyij

23
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Statistical ensembles and averages

 classical (phenomenological) thermodynamics uses finite macroscopic quantities such as:
temperature, heat, pressure etc. to describe properties of a thermodynamical system

* because macroscopic system is built of atoms/particles to be hold at equilibrium, one can imagine of
many similar systems that have the same macroscopic properties (P,V,T,N) but differ in positions and velocities
of its constituents — the set of such systems of the same macroscipoc properties are called ensembles

* the atoms in a system continuously change their positions and velocities, in other words the system
moves along some trajectory in phase-space

to <t1 <9 to <t1 <tg 1l
Lo ensemble
3 b
s_ingle L'z, 7,80 (81) ensemble
trajectory trajectories
I'e 7 4.(¢
T'OJT.U:t(J( 0) i‘ ]‘_‘FO,T:‘O,tD(tO)i

* the ensemble fills a fraction of phase-space but nonhomgenously, the time-dependent probability
of occupation of given point in phase-space is described by probability density function f(q,p,t)

* f(q,p,t) is normalized and the knowledge of this function allows calculating any dynamical physical quantity A(r,p)

/d3Nrd3pr€ns(F,ﬁ,t) =1  (Fp) = (F1, 72 TN, D1, D2y, PN)

f d3N’I“ dSNp A(’I?,];) fens (77715; t)
f d3Nr d3Np fens (777 ﬁa t)

the issue is: (i) fens IS NOt known in general, and, (ii) it depends on so many variable that can not be used in practise

<A> ens —

24
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* ergodic theorem states that the avarges calculated over all ensemble states
are equivalent for the time averages for only one state

to+t
1
A = lim (A), = — / A(T= = ) dt’ - integration along
\Alens t—>00< ) t (5% 50,10 (1)) the trajectory
to

L7, 5, .10 (t)- trajectory in phase-space

and that changes things as now one is able to determine microscopic quantities (P,T,E)
just by calculating the mean over the trajectory followed by the system propagated in MD

Af = Imaz 4oL AL i=0,1,2,....n
n

Q

the superscript m denotes A
the moment of distribution: < >

Am = = ZAm Ti 5oto (i), m=1,2

var(A)

(A*), — (A)? - variance estimates the fluctuations

Reamarks:
e assuming the system is in equilibrium, the time-averaged value wouldn’t
depend on chosen time to
* obviously the time of gathering the essential data is limited,
but it would depends on amplitude of fluctuations measured by variance

25
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* types of ensembles
N — number of particles in system

* microcanonical: N, V, E = const V — volume of system
E — total energy of system
e canonical: N, V, T = const P — pressure
T — temperature
* isobaric-isothermal: N, P, T =cons M — chemical potential
e grand canonical: M, V, T=const
NVT NPT
NVE heat bath heat bath pVT  reservoir
® ® - «®@ * 0 ™ o »
- o s B . o " *$ 0, o ® o
o ° . . - o
. ' ... . * .'. . . .o. . ... ... ®
o . - L] =
" * . at " ot ’ [ ° d
heat bath

* NVE ensemble has only theoretical significance because the fully isolated
system can not be realized experimentally

* NVT ensemble is kept at constant temperature so it is in thermal eqilibrium
with thermostat (heat-bath), notice that the total energy is changing in time

* NPT ensemble is in equilibrium with thermostat and additionally the volume
the system may change so as to keep the pressure constant as well

MVT ensemble keeps constant temperature but the pressure, energy and
the number of particles in the system may change

In laboratory project we will focus on NVE and NVT systems as these two are the easiest to simulate within MD.
26
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* example MD simulations data for NVE & NVT systems (1000 argon atoms in 2D)

NVE (microcanonical)

NVT (canonical)

3000 = T T T T T T 3000 T T T T T T T T
\ e / c‘/ \\\
2000 2000 k... -
N\, /
1500 1500 -
Eiot — Etot
w 1000 Epot w 1000 Epot
Exin —— Ekin
500 | 500 | =
0 A .
'SQO . MWWWNWW '500 W TR RPRTIRA I IPYHr N
_1 006 - ,,,/1'/ | | | | | | | _1 OO /I | | | 1 1 | | |
12 3 456 7 8 910 0123456 78 910
iteration x 1000 iteration x 1000
4 At the begining the system ) 339/’* '
IS not in equilibrium.
We must wait some time 320
until it equlibrates/thermalizes \ ' T
then we may gather data. = 310 NVE .
- Y9 J 37 | Tyt

290 |

280

» small temperature fluctuations
in NVT are allowed because

1

the heat bath-system coupling
is not prefect

, * it can not be extremely strong

\ 0/1

\/

2 3 456 7 8 910

iteration x 1000

So as to avoid numerical instability
(Nose-Hoover thermostat)

27
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Thermalization

* the basic MD algorithm simulates NVE system, i.e. energy is preserved

« for NVT it must be modified in such a way to keep temperature constant i.e. to keep the system
in thermodynamic equilibrium with thermostat (heat bath)

* constant temperature can be obtained with the following methods:
() scaling velocity, (i))Berendsen thermostat, (iii) Nose-Hoover thermostat

* (i) and (ii) are not time-reversed while but are simple

Equipartition theorem states that the instantaneous temperature linearly depends on kinetic energy

2 m;\v; t 2
T = DkeN Z ( 2( ) D=2,3 — number of dimensions

1=

therefore one may relate current temperature with the desired one Tp

TD = Oé2T
o /Tp _ [ >1 <= Tp>T
N Tl <1l = Tp<T
factor a is used in scaling the particles’ velocities for the next time step

?71'4—&17@, 1=1,2,...,N

The issue is that such rescaling produces velicity distribution which differs from expected Maxwell-Boltzmann.
28
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Another way of velocity rescaling is Berendsen thermostat

At (Tp
— 1+ = (22 1
“ +Tla9 (T >

* the factor 1, makes the velocity changes are time-lagged

* its large value means the system approaches the desired temperature after many time steps

» for tiag = At the simple velocity rescaling in single time step is restored

Nose-Hoover thermostat

* in this method the fictious friction variable is introduced, it's EOM is add to particles’ EOM
and all EOM must be solved at the same time

it takes or gives the energy to the system, depending on instananeous temperature

d*r;
= — — o, i=1,2,...,N Q=102 10"11,...,10°...
dt? m; - -~ ~ N——
strong weak
N coupling coupling
1 d¢ 1 <—mo? 1
i=1 Q=10% - turns coupling off completely

(we can simulate NVE and NVT with
the same code) 29
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Nose-Hoover thermostat + velocity-Verlet method

single time step

e 1000 argon particles

* Tni=300 K
. . 0 « Tp=200 K
initialization: &= =0
300 | | | | |QI100| | |
for 1;(_);;0 N-—-1 ;i;) - 280 Q=10 _
— 2 =N, i enon o
L N [mi § U’i} 260 QSO_;I —_—
i :
FPrl — Fr 4 ’Uinh 240
end do 950 H |
- LA AL AL
few Picard iterations for &: 200 { il o L
n+1 '.,””i]' A d
init: o"'e—g"2, i=0,1,...,N—1 180
for k=1 to 5 do 160 =
predictor corrector for &(D =2, 3): 140 i
Sn—l—l <_£n+ &d (Nz—:l mi(ﬁiﬂ+1)2 B kaTD(N‘|‘1)) 120 1 I | ] | L 1 L L
C\= ? 0 2 4 6 8101214161820
iteration x 103
for i=0 to N—1 do
1 n+i  Apont+i
AR 1+A73§n+1 ('Uz' P+ 5 2)
end do
end do

30
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Averages of physical quantities

t
N- number of particles At =t =At-5, 7=1,23,....n

e Kinetic energy

N _, 2 n
m; (U(t 1
Ekin(t Z 5 = Egin = - Z Ekin(t5)
=1 j=1
* potential energy
N 1 n
Epot(t) = > UM (Fi(t)) + Z Z UP(7(t),75(t)) = Epot = - > Eporl(ty)
=1 =1 j>1 7=1

« total energy

gtot (t) — gk:in (t) + gpot (t) — Etot — Ekzzn + Epot

31
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* temperature

NVT (canonical): D=2,3 — number of dimensions

P 2
T = — Ekin(ty) = FEkin
Dj\fkbnjz1 kin (5 &

NVE (microcanonical): .

1
= DNkb n Z

The difference between temperatures calcultaed for both ensembles decreases as O(1/N).

32
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according to comon convention, here: V - volume(3d) / area(2d)
* pressure (3D)

N
2 m;(U;(t))* 1. - V' - area/volume
nstaniaeous:  P(1) = 17 2 R HACAREICN K W /3- dimensions
=1 [ ~ J (. ~
kinetic interactions

averged:

PV = Nk,7T + W, (V,T,W — averages)

W is the virial function related to interactions in system

1 n
W= > W(ty)
j=1

N
Wi(t) = 35 30 D 7islt) - Bl

i=1 j>i

33
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* heat capacity (at constant volume)

macroscopic definition:

oF
Cv a (a—T)V—const

NVT (canonical): variance of energy:

1 var(Ey) var(E) = (E%) — (E);

NVE (microcanonical):  total energy value is preserved, but the kinetc and potential energies
fluctuate identically

DNk, 2 -
9 - WUGT(Ea) ; @ = Egin, Epot
b

D — number of dimensions

34
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* pair distribution function - radial distribution function (RDF)

* conducting MD simulations we are often interested in static and dynamic properties of system in question

* an important static property is the spatial structure of atomic configuration, and because
it directly comes from two-patrticle interactions one defines the pair distribution function

T {2 D00 — A = 7 (1)
i=1 j#i ,

Becasue its value depends on positions of two particles, we may expect it would take
large values at short inter-particle distances, let's say on the length of a few o.

On the other hand, at larger distances correlations must vanish and then both sums
are uncorrelated and can be calculated separately

. 02 oo N 02 NN-1
lim :N(N—l) ;5(7“ — 73(t)) 25(7“ —75(t)) :N(N—l)ﬁ s =1

||7/—7""|| =00 —t
t \J#i "

This is an asymptotic behaviour of pair distribution function, this flat plateau means
that the motions of two remote particles are uncorrelated.

In MD simulations we more interested what is going on at smaller distances.
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« when the particle system is spatially homogeneous this function can be written in more compact form

first, let’s introduce the difference betwen r’ and r”

—/

P T = g ) = 2323”ﬂ+f Fi(0)S(F" — 75(1))

1=1 j#1 "

next integrate out r” then we get

l

)

%

[ ol 4 m ) = g
Q

) = Z Z o(r ng )) - the factor 2 occurs here due to

i=1 j>i . skipping double summation

=)

g2 (

Interpratation:  g.(r) shows the probability of finding any particle at distance r
from the particle settled at the origin of local coordinate system
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* example of RDF for 2D system

* 1000 argon atoms were cooled down from 800K to 5K

* system undergoes continuouesly (2D) following transformations: gas - liquid - solid
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calculations of RDF histogram

* in MD simulation we can not work with definition
of RDF because it contains Dirac delta function

* instead the essential data are gathered

in the course of simulation and
the histogram for RDF is built

Q — the volume of system

°oD: QO =L,L,
AQ,, = 47T(7“3n+1 — r?n)
[ )

° ®
[ ] ® ®
3D : Q=L,L,L,
4 4 3
AQ,, = §7T(7“m+1 — 7o)

initialization :

My;, — number of bins
Tmaz = 2+~ 40 — range of histogram
Ar =tmez — width of bins

szn
RDF[0: My;,—1]=0 — array for RDF

time iteration loop:
for t=0 to tmer by At do

other calculations: forces, Verlet etc.

gater contributions for RDF:
for i=0 to N-1 do
for j=i+1 to N—1 do

Tij = Ti =T}
m:floov“(x;)
if (m < M)

RDF[m]—i_ — N(?VQ—I) Afllm
do

end
end do

end do

normalize RDF data for time averaging
for m=0 to My;, —1 do
RDF [m]/=n

end do
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Dynamic properties - time-correlation function

* the time correlation between two quantities A and B means that for measured value of A(t")
we observed dependence of value at later times B(t”) (t” > t)

* in other words, non-vanishing time correlation means that system has somthing like ,memory”

* analysis of these types of correlations, other are the static correlations, gives us additional
informations about the dynamical properties of a system

* in equilibrium the time-correlation always depends on the difference
t — t// . t/

only, but not on their individual values, we can choose arbitrarily the time interval T
for calculation of correlations

General form of time-correlation function is following

to+T
OAB(t)zzlgnooi / AB(t +t)dt' = (At Bt + 1)) time
to

we can measure correlation between any two quantities, but if we set A=B
then we get an autocorrelation function

C(t) = Can(t) = (A AR+ ")) time
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 in practice slightly modified expression is used
0A(t) = A(t) — (A)time
C(t) = (AA({t +t)AA)) time

then we get for t=0

C(0) = (6A)time = var(A)

while for t— co we don’t expect and correlations

lim C'(¢t) =0

t—00

Thus we can calculate the characteristic time after which system forgets about any perturbation
that came into existence and returns to equilibrium - it is a relaxation time

oo C(0)
Trel — C’(O)O/O(t)dt

in practice the upper limit in integral is substituted by some finite long time tmax.
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e calculation of time-correlation function

The best way is to made MD simulation and gather needed data in file, then we have
all required data to be used in calculation of time-correlation.

1 n
meanvalue:  (A) ~ — g A;
n
i=1

t=At-k, k=0,1,2,...

1

(Aivr = (4)) (Ai = (4))

n—

0@:0mmy4%:nik§:

k—
2=0

* example: diffusion coefficient from velocity autocorrelation

Colt) = (Tt +t)Ti(t))
D:%/ﬁ@@

integration by parts leads to Einstein relation
D=~ (7t +) - 7(t')?)
6t
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Phase transition in MD

phase transition is the transformation between two states of some medium that differ much in their properties
gas - liquid or liquid - solid

* gas-liquid transition is observed for boiling/condensation processes so its occurence relates with
abrupt change in density of water

» for liquid-solid transition there are no changes in density (besides the water), so other parameters must change
which relate to internal structure of medium, this for example is the specific heat

* in thermodynamics we distinct 1-st and 2-nd phase transitions:

« 1-st order relates to discontinuous first-order derivative of free energy with respect
to some thermodynamic variable (temperature, pressure etc),

system absorbs or gives back the energy (latent heat) but doesn’t change temperature,
example: boiling/condensation, sublimation, crystalization/solidification of water

« 2-nd order relates to discontinues in second order derivative of free energy,
the first order is continuous so it is also called continuous phase transition
then susceptibility becomes divergent, correlation length increases to infinity,

examples: ferromagnetic transition in spin chain, superconductivity

* the type of phase transition may depend on dimensionality of problem, for example:

* liquid-solid in 3D system of argon atoms is 1-st order transition
* in 2D it becomes continuous phase transition
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Simulation of phase transition of argon atoms in 2D

4 volume: V=L2?, L=50 )
number of particles: N=500
cooling down: Tsart= 305 K, Tena =5 K, AT =1 K (step)
iterations: total = 3*107, at given temperature = 10°
1500 350 0.4 — T
P _
250 03 1
energy changes 500 g 0.25 -
continuouesly 3 200 & g abrupt change
= = w
(2-nd order) = 0 o & 02 in pressure
L 150 CIEJ =
500 = 015 1 - |
) 100
01 F
-1000
50 0.05 |
-1500 ~ 0 0 - _
0 5 10 15 20 25 30 0 5 10 15 20 25 30 high peak
iteration x 108 iteration x 108 but of finite width
9000 — T (not abrupt)
_ 8000 Y < |
large fluctuations 00 L
in gas phase, 15
diffusion in solid £ z 6000 F
vanishes S § 5000 -
) g 4000 |
% )]
2 T 3000 |
(m)
2000 kk\
1000 [
0 | | | | | 0 ' " i |
0 5 10 15 20 25 30 0 5 10 15 20 25 30

iteration x 10° —— 6
Iteration x 10 43
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FAST COOLING -5 K
SLOW COOLING - 5K (100 times less iterations)

50 | | o d -'._'.:.'.z-_-:.:.'.' 50 | A HTYS T

40 | 40 B,

30 30 fee* RRINRY

20 20 | s

0 ] ] L LY .T:'.' 0.0-..':'.']' oy 0 1 ofi®eelte | |
0 10 20 30 40 50 0 10 20 30 40 50
X X

e system dissipates energy slowly and * the energy dissipation rate is so fast,
had enough time to attached atoms that distant bunches of atoms could
one-by-one to single solid only form small fragments of solid
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