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7HPDWHP SUDF\ MHVW RSLV SU]H]QDF]RQHJR GR ZVSyáSUDF\ ]

0$7/$%
HP SU]\ERUQLND �DQJ�� WRROER[� UHDOL]XM�FHJR

SU]HWZDU]DQLH V\JQDáyZ Z G]LHG]LQLH F]DVRZR�F]
VWR�

WOLZR�FLRZHM� ,VWQLHM�FH QDU]
G]LD Z SRVWDFL GRVW
SQ\FK

SU]\ERUQLNyZ QLH ]DZLHUDM�Z RJyOH� DOER WH* ]DZLHUDM� MHG\QLH

ZHUVMH GHPRQVWUDF\MQH SURFHGXU Z\NRU]\VWXM�F\FK

WUDQVIRUPDFMH IDONRZH �DQJ�� ZDYHOHWV�� 3UDNW\F]QD SRWU]HED

Z\NRU]\VWDQLD WDNLFK SU]HNV]WDáFH� Z SU]HWZDU]DQLX V\JQDáyZ

ELRORJLF]Q\FK RUD] V\JQDáX PRZ\� D WDN*H GRVWU]HJDQD

SRZV]HFKQLH HODVW\F]QR�ü �URGRZLVND 0$7/$%
D VNáRQLáD

DXWRUD GR ]DLPSOHPHQWRZDQLD �� ZáDVQ\FK SURFHGXU

VNáDGDM�F\FK VL
 QD RSLV\ZDQ\ SU]\ERUQLN� : F]DVLH GZyFK ODW

X*\WNRZDQLD SRWZLHUG]Lá RQ VZ� SU]\GDWQR�ü Z EDGDQLDFK

QDXNRZ\FK� D WDN*H VWDá VL
 SRGVWDZ� XWZRU]HQLD QDGU]
GQ\FK

SU]\ERUQLNyZ� Z\NáDGRZHJR L ODERUDWRU\MQHJR SU]HZLG]LD�

Q\FK GR FHOyZ G\GDNW\F]Q\FK�
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�� �� $QDOL]D V\JQDáyZZG]LHG]LQLH F]DVRZR�F]
VWRWOL�

ZR�FLRZHM

-HGQ� ] RVWDWQLR QDMEDUG]LHM SRSXODUQ\FK L QDMV]\EFLHM

UR]ZLMDQ\FK G]LHG]LQ DQDOL]\ V\JQDáyZ MHVW DQDOL]D

F]DVRZR�F]
VWRWOLZR�FLRZD� -HVW WR ]ZL�]DQH ] FRUD]

SRZV]HFKQLHMV]\P VWRVRZDQLHP DQDOL]\ V\JQDáyZ

U]HF]\ZLVW\FK �VHMVPRORJLD� PHG\F\QD� PRZD� F]\ DQDOL]D

ZLEUDFML�� :L
NV]R�ü W\FK Z\VW
SXM�F\FK Z SUDNW\FH V\JQDáyZ

FHFKXMH QLHVWDFMRQDUQR�ü� D SUyE\ SU]\EOL*DQLD LFK ]D SRPRF�

V\JQDáyZ VWDFMRQDUQ\FK SURZDG]� GR XSURV]F]H�

QLHPR*OLZ\FK GR ]DDNFHSWRZDQLD� 'OD W\FK ZáD�QLH SRZRGyZ

NODV\F]QH PHWRG\ DQDOL]\ F]
VWRWOLZR�FLRZHM V�

QLHZ\VWDUF]DM�FH�

6NXWHF]Q�� VWRVRZDQ� SRZV]HFKQLH GR G]L� PHWRG
 DQDOL]\

V\JQDáyZ Z G]LHG]LQLH F]DVRZR�F]
VWRWOLZR�FLRZHM

]DSURSRQRZDá '� *DERU >�@� 3ROHJDáD RQD QD SURZDG]HQLX

DQDOL]\ F]
VWRWOLZR�FLRZHM NROHMQR QD IUDJPHQWDFK

DQDOL]RZDQHJR V\JQDáX Z\FL
W\FK ] FDáR�FL SU]H] W]Z� �IXQNFM


RNQD�� 3RGF]DV NROHMQ\FK DQDOL] �IXQNFMD RNQD� E\áD

�SU]HVXZDQD� Z G]LHG]LQLH F]DVX ]D ND*G\P UD]HP R LQWHUZDá

UyZQ\ V]HURNR�FL RNQD� : WHQ VSRVyE DQDOL]D

F]
VWRWOLZR�FLRZD SURZDG]RQD E\áD GOD NROHMQ\FK RGFLQNyZ

V\JQDáX Z VSRVyE QLH]DOH*Q\� FR SURZDG]LáR GR SRZL�]DQLD

HQHUJLL SRV]F]HJyOQ\FK NRPSRQHQWyZ RNUHVRZ\FK �ZLGPD� ]

F]DVHP L RNUH�OHQLD PRPHQWyZ LFK Z\VW
SRZDQLD� *DERU

]DSURSRQRZDá IXQNFM
 RNQDZ SRVWDFL JDXVVRLG\�

RUD] VIRUPXáRZDá ]DVDG
 NRQVWUXRZDQLD URG]LQ\ IXQNFML

DQDOL]XM�F\FK SRZVWDá\FK ] IXQNFML RNQD SU]H] ZSURZDG]HQLH

SU]HVXQL
üZ G]LHG]LQLH F]DVX E L Z G]LHG]LQLH F]
VWRWOLZR�FL O�

:\QLNLHP DQDOL]\ F]DVRZR�F]
VWRWOLZR�FLRZHM V\JQDáX I�W�

V�ZVSyáF]\QQLNL SRVWDFL�

3U]\ERUQLN IDONRZHM REUyENL V\JQDáyZ

3LRWU $XJXVW\QLDN� .DWHGUD$XWRPDW\NL $*+� ������.UDNyZ� DO�0LFNLHZLF]D ��

(BPDLO� DXJXVW#ELRF\E�LD�DJK�HGX�SO

g(t) = π−1
4 e−1

2
t2

(1)

ωλ,b(t) = g(t − b) e2iπλt (2)

Wf(λ, b) = ∫
−∞

+∞

f(t) ⋅ ωλ,b(t) dt (3)



= ]DOH*QR�FL ��� L ��� Z\QLND QDVW
SXM�F\ QDGDM�F\ VL
 GR

SUDNW\F]QHM LPSOHPHQWDFML Z]yU RSLVXM�F\ IXQNFM
 DQDOL]XM�F��

JG]LH� E � SU]HVXQL
FLH RNQD Z G]LHG]LQLH F]DVX

O � F]
VWRWOLZR�ü DQDOL]XM�FD

G � V]HURNR�ü RNQD

1DOH*\ ]ZUyFLü XZDJ
 QD Z\VW
SRZDQLH ZH Z]RU]H *DERUD

WU]HFK ZVSyáF]\QQLNyZ� ] NWyU\FK MHGHQ � E � RGSRZLDGD ]D

SU]HVXZDQLH RNQD �SDUDPHWU F]DVRZ\�� GUXJL � O � ]D ZDUWR�ü

F]
VWRWOLZR�FL DQDOL]XM�FHM Z\SHáQLDM�FHM RNQR �SDUDPHWU

F]
VWRWOLZR�FLRZ\� RUD] WU]HFL� QLH]PLHQQ\ Z FDáHM URG]LQLH

IXQNFML DQDOL]XM�F\FK� SDUDPHWU G Z\]QDF]DM�F\ V]HURNR�ü

RNQD�

1DMZL
NV]� QLHGRJRGQR�FL� PHWRG\ ]DSURSRQRZDQHM SU]H]

*DERUD Z\GDMH VL
 E\ü VWDáD� UD] GRELHUDQD V]HURNR�ü RNQD

DQDOL]\� RJUDQLF]DM�FD MHGQRF]H�QLH SUHF\]M
ZG]LHG]LQLH F]DVX

L ]DNUHV F]
VWRWOLZR�FL DQDOL]\� 2SW\PDOQLH SURZDG]RQD DQDOL]D

R SUHF\]ML RJUDQLF]RQHM MHG\QLH ]DVDG� QLHR]QDF]RQR�FL PD

PLHMVFH QD GROQHM NUDZ
G]L ]DNUHVX F]
VWRWOLZR�FLRZHJR� WM� Z

SU]\SDGNX W\FK W\ONR IXQNFML DQDOL]XM�F\FK ZO�E� NWyU\FK RNUHV

��O MHVW UyZQ\ V]HURNR�FL RNQD JDXVVRLG\ G� :V]\VWNLH Z\*V]H

F]
VWRWOLZR�FL DQDOL]RZDQHJR V\JQDáX Z\NU\ZDQH V� ] W� VDP�

SUHF\]M�� ]QDF]QLH PQLHMV]� RG PR*OLZHM GR X]\VNDQLD ]JRGQLH

] ]DVDG� QLHR]QDF]RQR�FL�

2GPLHQQ� RG RSLVDQHM SRSU]HGQLRPHWRG
 DQDOL]\ V\JQDáXZ

G]LHG]LQLH F]DVRZR�F]
VWRWOLZR�FLRZHM ]DSURSRQRZDOL Z ����

U� )UDQFX]L -� 0RUOHW L $� *URVVPDQ >�@� 3RGREQLH MDN Z

DQDOL]LH *DERUD� Z RPDZLDQHM PHWRG]LH VIRUPXáRZDQR IXQNFM


SRGVWDZRZ�� UHJXá
 NRQVWUXNFML QD MHM SRGVWDZLH URG]LQ\

IXQNFML DQDOL]XM�F\FK� RUD] Z]yU RSLVXM�F\ Z\QLN DQDOL]\ Z

G]LHG]LQLH F]DVRZR�F]
VWRWOLZR�FLRZHM Z SRVWDFL IXQNFML GZX

]PLHQQ\FK �F]DVX L F]
VWRWOLZR�FL��

-�0RUOHW ]DSURSRQRZDá IXQNFM
 SRGVWDZRZ� SRVWDFL�

NWyU� QD]ZDá IDON��PDWN� �IU�� RQGHOHWWH�PHUH�� MDNR *H VáX*\

RQD GR NRQVWUXNFML URG]LQ\ IDOHN DQDOL]XM�F\FK �IU�� RQGHOHWWH

DQDO\VDQWH� \D�E ]JRGQLH ]HZ]RUHP�

JG]LH� E MHVW SU]HVXQL
FLHP F]DVRZ\P

D ! � MHVW W]Z� ZVSyáF]\QQLNLHP NRQWUDNFML

��FL�QL
FLD� L RGSRZLDGD MHGQRF]H�QLH ]D F]
VWRWOL�

ZR�ü L F]DVRZ\ ]DVL
J DQDOL]\�

:VSyáF]\QQLNL UHSUH]HQWXM�FH DQDOL]RZDQ\ V\JQDá Z

G]LHG]LQLH F]DVRZR�F]
VWRWOLZR�FLRZHM RSLVXMH ]DOH*QR�ü�

-DN áDWZR ]DXZD*\ü� ]DOH*QR�ü WD� SRGREQLH MDN SRGDQD

SU]H] *DERUD ]DOH*QR�ü ���� MHVW UyZQRZD*QD NRQZROXFML

V\JQDáX DQDOL]RZDQHJR I�W� ] IDON� DQDOL]XM�F� \D�E�W� OXE Z

SU]\SDGNX DQDOL]\*DERUD ] IXQNFM� DQDOL]XM�F�ZO�E�W��

: SRUyZQDQLX GR VWRVRZDQ\FK Z DQDOL]LH *DERUD IXQNFML

RNQD PDM�F\FK ]DZV]H PQLHM OXE EDUG]LHM SU]\EOL*RQ� IRUP


JDXVVRLG\� IXQNFMD \�W� SRVLDGD ]GHF\GRZDQLH RGPLHQQH FHFK\

MDVQR Z\QLNDM�FH ] MHM RGPLHQQHM QDWXU\� )XQNFMD \�W� MHVW

SDU]\VW� IXQNFM� ORNDOQLH RVF\OXM�F�� D SR]D VSyMQ\P

SU]HG]LDáHP RVF\ODFML SU]\MPXMH ZDUWR�FL ]HURZH� -HM FDáND QD

FDá\P ]ELRU]H DUJXPHQWyZ MHVW UyZQD ]HUR� ,QQ� ZD*Q�

ZáDVQR�FL� MHVW MHGQRF]HVQD GREUD ORNDOL]DFMD IXQNFML \�W� Z

G]LHG]LQLH F]DVX RUD] MHM ZLGPD \
�I� Z G]LHG]LQLH

F]
VWRWOLZR�FL� 2]QDF]D WR V]\EN� ]ELH*QR�ü GR ]HUD IXQNFML \�W�

L MHM ZLGPD \
�I� GOD DUJXPHQWyZ G�*�F\FK GR QLHVNR�F]RQR�FL�

:áDVQR�ü W
 RNUH�OD VL
 F]
VWR SU]H] VIRUPXáRZDQLH� *H \�W� L

\
�I� V� �UyZQH ]HUR SUDZLH ZV]
G]LH�� 3U]HELHJ RWU]\PDQHM

IXQNFML \�W� Z G]LHG]LQLH F]DVX SRGREQ\ MHVW GR ]DIDORZDQLD

�U\V� ��� VWDQRZL VNXSLRQH ORNDOQH RVF\ODFMH V]\ENR JDVQ�FH

ZUD] ] RGOHJáR�FL� RG FHQWUXP � VW�G QD]ZD� IDOND �DQJ��

ZDYHOHW� IU�� RQGHOHWWH��

ωλ,b(t) = e
−1

2



t−b
d




2

⋅ e2πiλt (4)
ψ(t) = e− t2

2 ⋅ cos (5t) (5)

ψa,b(t) = 1
a

⋅ ψ


t−b
a


 (6)

Cf(a, b) = (f ∗ ψ a,b) = ∫
−∞

+∞
f(t) ⋅ ψa,b(t)dt (7)



:PHWRG]LH DQDOL]\ ]DSURSRQRZDQHM SU]H]0RUOHWD LQQD MHVW

WDN*H �Z SRUyZQDQLX ] DQDOL]� *DERUD� UHJXáD NRQVWUXRZDQLD

URG]LQ\ IXQNFML DQDOL]XM�F\FK� : DQDOL]LH *DERUD V]HURNR�ü

RNQD DQDOL]\ E\áD VWDáD� FR SRZRGRZDáR Z]URVW LOR�FL RVF\ODFML

Z RNQLH ZUD] ]H Z]URVWHP F]
VWRWOLZR�FL� 3U]HFLZQLH� Z

DQDOL]LH 0RUOHWD LOR�ü RVF\ODFML IDONL MHVW VWDáD� D ]PLDQLH

F]
VWRWOLZR�FL WRZDU]\V]\ SURSRUFMRQDOQD ]PLDQD F]DVRZHJR

]DVL
JX IDONL� =DVWRVRZDQD SU]H] 0RUOHWD ]DVDGD NRQVWUXNFML

URG]LQ\ IDOHN DQDOL]XM�F\FK RSLVDQD Z]RUHP ��� ]RVWDáD

QD]ZDQD VNDORZDQLHP� 0D RQD IXQGDPHQWDOQH ]QDF]HQLH�

JG\* G]L
NL QLHM PHWRG\ DQDOL]\ IDONRZHM QLH GRW\F]\ JáyZQ\

]DU]XW VWDZLDQ\ PHWRG]LH *DERUD� GRW\F]�F\ QLHRSW\PDOQHM

DQDOL]\ ] SXQNWX ZLG]HQLD SUHF\]ML L SDVPD DQDOL]RZDQ\FK

F]
VWRWOLZR�FL� =PLHQQ\ F]DVRZ\ ]DVL
J DQDOL]\ IDONRZHM

SURZDG]L Z NRQVHNZHQFML GR ]PLHQQHM SUHF\]ML F]DVRZHM

ORNDOL]DFML SRV]F]HJyOQ\FK NRPSRQHQWyZ F]
VWRWOLZR�FLRZ\FK

V\JQDáX� %DUG]LHM SUHF\]\MQLH RNUH�OLü PR*QD SRáR*HQLH

F]DVRZH GOD F]
VWRWOLZR�FL Z\VRNLFK� FR MHVW ]ZL�]DQH ]H

]PQLHMV]DQLHP VL
 F]DVRZHJR ]DVL
JX IDONL SU]\ Z]UR�FLH

F]
VWRWOLZR�FL �ZVSyáF]\QQLND NRQWUDNFML��

$QDOL]D IDONRZD RSUyF] Z\PLHQLRQ\FK ]DOHW PD MHV]F]H L W
�

*H PR*H E\ü SURZDG]RQD Z RSDUFLX R EDUG]R Uy*QRURGQH

IXQNFMH SRGVWDZRZH� :DUXQNL NRQLHF]QH L Z\VWDUF]DM�FH� DE\

GRZROQD IXQNFMD \�W� PRJáD SHáQLü URO
 IDONL�PDWNL V�

QDVW
SXM�FH�

1DMSURVWV]\P SU]\NáDGHP LQQHM QL* ]DSURSRQRZDQD SU]H]

0RUOHWD IXQNFML RVF\OXM�FHM ORNDOQLH PRJ� E\ü Z\*V]H

SRFKRGQH IXQNFML *DXVVD�

5\VXQHN �� )DOND0RUOHWD Z G]LHG]LQLH F]DVX� GZLHZDUWR�FL ZVSyáF]\QQLND NRQWUDNFML

D
�
! D

�
� RUD] GZLHZDUWR�FL SU]HVXQL
FLD F]DVRZHJR E

�
! E

�
�

b1
a1

b2
a2

1. : ∫
−∞

+∞ ψ (λ) 2

λ dλ < + ∞

2. : ψ 2 = 1







(8)



�� ��2UWRJRQDOQH WUDQVIRUPDFMH IDONRZH

3UDFH <� 0H\HUD >�@ RSLHUDá\ VL
 QD ZSURZDG]HQLX SRM
FLD

U]
GX IDONL Z RSDUFLX R ZVSyáF]\QQLNL UR]ZLQL
FLD Z V]HUHJ

7D\ORUD RUD] KLSRWH]LH LVWQLHQLD IDONL U]
GX QLHVNR�F]RQHJR�

%\á\ SURZDG]RQH QLH]DOH*QLH RG VIRUPXáRZDQHM QLHFR Sy(QLHM

SU]H] 6� 0DOODWD WHRULL DQDOL]\ R ]PLHQQHM UR]G]LHOF]R�FL� ,FK

UH]XOWDWHP E\áR SRGDQLH Z ���� U� RJyOQHM UHJXá\ NRQVWUXNFML

URG]LQ\ IDOHN NODV\ WZRU]�F\FK RUWRJRQDOQ� ED]
C∞

GHNRPSR]\FML� : VWRVXQNX GR ZF]H�QLHM VWRVRZDQ\FK UHJXá >�@

LVWRWQ� QRZR�FL� VWDáR VL
 NRQVWUXRZDQLH IXQNFML SRGVWDZRZHM ]

RGFLQNyZ IXQNFML �FL�OH GREUDQ\FK Z FHOX ]DFKRZDQLD

RUWRJRQDOQR�FL RUD] �VNDORZDQLH� IXQNFML DQDOL]XM�F\FK Z

G]LHG]LQLH F]
VWRWOLZR�FL� .RQVHNZHQFM� WHJR MHVW EUDN

DQDOLW\F]QHM SRVWDFL F]DVRZHM IDOHN0H\HUD �U\V� ����

6NRQVWUXRZDQHM Z G]LHG]LQLH F]
VWRWOLZR�FL URG]LQLH ZLGP

IDOHN DQDOL]XM�F\FK RGSRZLDGD Z G]LHG]LQLH F]DVX URG]LQD

IDOHN DQDOL]XM�F\FK� = XZDJL QD Z]JO
GQ� V\PHWUL
 ZLGP � Z

G]LHG]LQLH F]DVX IDONL 0H\HUD V� IXQNFMDPL F]\VWR

U]HF]\ZLVW\PL� :VSyáF]\QQLNDPL GHNRPSR]\FML V\JQDáX V�W�

QD]ZDá0H\HU ZLHONR�FL FM�N� WDNLH *H�

JG]LH JM�N �W� R]QDF]D URG]LQ
 IDOHN 0H\HUD Z G]LHG]LQLH

F]DVX ZH ZV]\VWNLFK PR*OLZ\FK ZDULDQWDFK SU]HVXQL
ü

F]DVRZ\FK �N� L F]
VWRWOLZR�FLRZ\FK �M�� :VSyáF]\QQLNL FM�N

VWDQRZL� UHSUH]HQWDFM
 V\JQDáX V�W� G]LHG]LQLH

F]DVRZR�F]
VWRWOLZR�FLRZHM� .ZDGUDW FM�N UHSUH]HQWXMH

SU]\EOL*RQ� HQHUJL
 V\JQDáX V�W� Z RWRF]HQLX FKZLOL �M
N Z

SDVPLH F]
VWRWOLZR�FL Z\]QDF]DQ\P SU]H] M� 0R*QD Z\ND]Dü�

*H ZVSyáF]\QQLNL FM�N PRJ� E\ü UyZQLH* RWU]\PDQH ]D SRPRF�

NRQZROXFML V\JQDáX V�W� L IDONL DQDOL]XM�FHM JM���W� REOLF]DQHM Z

SXQNWDFK �M
N�0D WR LVWRWQH ]QDF]HQLH SUDNW\F]QHZ SU]\SDGNX�

JG\ NRQZROXFMD Z\NRQ\ZDQD MHVW SU]\ X*\FLX SDU\

WUDQVIRUPDFML )RXULHUD�

']L
NL RUWRJRQDOQR�FL ED]\ GHNRPSR]\FML XWZRU]RQHM SU]H]

URG]LQ
 IDOHN G\VNUHWQ\FK 0H\HUD PR*OLZD MHVW UHNRQVWUXNFMD

V\JQDáX SLHUZRWQHJR V�Q� ]D SRPRF� VNR�F]RQ\FK VXP

SU]HELHJDM�F\FK ]DNUHV\ ]PLHQQR�FL M RUD] N�

: UHNRQVWUXNFML V\JQDáX SLHUZRWQHJR ELHU]H XG]LDá 1��

ZVSyáF]\QQLNyZ IDONRZ\FK FM�N E
G�F\FK UHSUH]HQWDFM� V\JQDáX

Z G]LHG]LQLH F]DVRZR�F]
VWRWOLZR�FLRZHM� RUD] F��� � ZDUWR�ü

�UHGQLD V\JQDáX�

 j=2  j=2

 j=3  j=3

5\VXQHN �� 'ZLH IDONL RUWRJRQDOQHM URG]LQ\0H\HUD GOD RNWDZ � L �Z

G]LHG]LQLH F]
VWRWOLZR�FL RUD]Z G]LHG]LQLH F]DVX

cj, k = ∫
−∞

+∞
s(t) ∗ gj, k(t)dt (9)

s(n) = Σ
j= −p

−1
Σ

k=0

2 jN−1
c j, k ⋅ g j, k(n) + c0, 0 (10)



2GPLHQQ\ VSRVyE WUDQVIRUPDFML V\JQDáX GR G]LHG]LQ\

F]DVRZR�F]
VWRWOLZR�FLRZHM ]DSURSRQRZDá 6� 0DOODW MDNR

NRQVHNZHQFM
 VIRUPXáRZDQHM SU]H] VLHELH WHRULL DSURNV\PDFML

SU]HVWU]HQL /��5� ]H ]PLHQQ� UR]G]LHOF]R�FL� >�@�

7UDQVIRUPDFMD ] ]DáR*HQLD GRW\F]\ V\JQDáX G\VNUHWQHJR �

V\JQDá SLHUZRWQ\ V�Q� X]QDMH VL
 ERZLHP ]D DSURNV\PDW


V\JQDáX FL�JáHJR V�W� SU]\ UR]G]LHOF]R�FL M� NWyUHPX RGSRZLDGD

F]
VWRWOLZR�ü PDNV\PDOQD IM E
G�FD SRáRZ� F]
VWRWOLZR�FL

SUyENRZDQLD QD PRF\ WZLHUG]HQLD 6KDQQRQD� .RU]\VWDM�F ]

IDNWX� *H DSURNV\PDWD SU]\ UR]G]LHOF]R�FL M ]DZLHUD ZV]\VWNLH

LQIRUPDFMH QLH]E
GQH GR X]\VNDQLD DSURNV\PDW\ SU]\

UR]G]LHOF]R�FL M�� PR*QD GRNRQDü GHNRPSR]\FML DSURNV\PDW\

SU]\ UR]G]LHOF]R�FL M �IDNW\F]QLH V\JQDáX V�Q�� QD GZLH

VNáDGRZH� ] NWyU\FK MHGQD E
G]LH DSURNV\PDW� SU]\

UR]G]LHOF]R�FL M�� �]DZLHUDM�F� VNáDGRZH GROQHM SRáRZ\ SDVPD

V\JQDáX GHNRPSRQRZDQHJR�� D GUXJD �]DZLHUDM�FD VNáDGRZH

JyUQHM SRáRZ\ SDVPD V\JQDáX GHNRPSRQRZDQHJR� � V\JQDáHP

Uy*QLFRZ\P �U\V� ���� =DUyZQR DSURNV\PDWD SU]\

UR]G]LHOF]R�FL M��� MDN L V\JQDá Uy*QLFRZ\ �G]L
NL GRNRQDQLX

GHNRPSR]\FML EH]VWUDWQLH L EH] UHGXQGDQFML LQIRUPDFML�

]DZLHUDM� 1�� SUyEHN� : FKDUDNWHU]H ILOWUyZ UR]G]LHODM�F\FK

SDVPR V\JQDáX GHNRPSRQRZDQHJR QD GZLH SRáRZ\ X*\WR

IXQNFML VNOHMDQ\FK �DQJ�� FXELF VSOLQHV� � ILOWU\ +�Z� L *�Z�

NRQVWUXRZDQH V�ZG]LHG]LQLH F]
VWRWOLZR�FLRZHM� D NRQZROXFMD

] V\JQDáHP MHVW GRNRQ\ZDQD ] X*\FLHP SDU\ WUDQVIRUPDFML

)RXULHUD�

7UDQVIRUPDFMD Z\NRU]\VWXMH VFKHPDW GHNRPSR]\FML

SLUDPLGRZHM Z\NRQ\ZDQHM D* GR RVWDWQLHJR SXQNWX V\JQDáX�

6\JQDá\ Uy*QLFRZH QD SRV]F]HJyOQ\FK SR]LRPDFK

GHNRPSR]\FML VWDQRZL� �G]L
NL RUWRJRQDOQR�FL ILOWUyZ� SHáQ�

UHSUH]HQWDFM
 V\JQDáX Z G]LHG]LQLH F]DVRZR�

�F]
VWRWOLZR�FLRZHM L PRJ� E\ü SRGVWDZ� EH]VWUDWQHJR

RGWZRU]HQLD SRVWDFL F]DVRZHM V\JQDáX� :\PDJD WR RGZUyFHQLD

DOJRU\WPX GHNRPSR]\FML RUD] ]DVWRVRZDQLD W]Z� ILOWUyZ

OXVWU]DQ\FK �DQJ��PLUURU ILOWHU��

�� �� )LOWUDFMD V\JQDáXZG]LHG]LQLH F]DVRZR�F]
VWRWOL�

ZR�FLRZHM

,VWQLHQLH RGZUDFDOQHM WUDQVIRUPDFML IDONRZHM �G]L
NL

RUWRJRQDOQR�FL ED]\ GHNRPSR]\FML� XPR*OLZLD UHDOL]DFM


DOJRU\WPX ILOWUDFML V\JQDáX Z G]LHG]LQLH

F]DVRZR�F]
VWRWOLZR�FLRZHM� $OJRU\WP WHQ SROHJD QD

WUDQVIRUPDFML V\JQDáX GR G]LHG]LQ\ F]DVRZR�F]
VWR�
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� NRQZROXFMD V\JQDáX

� SRPLQL
FLH FR GUXJLHM

�SDU]\VWHM� SUyENL V\JQDáX

� PQR*HQLH ND*GHM SUyENL

� NRQZROXFMD V\JQDáX

] ILOWUHP ; V\JQDáX SU]H] �

] ILOWUHP ;

� ZVWDZLHQLH SUyENL R ZDUWR�FL �

SRPL
G]\ ND*GH GZLH LVWQLHM�FH

SUyENL � XSVDPSOLQJ �

� VXEVDPSOLQJ �
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A 2j+1
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D 2j+1s
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5\VXQHN �� 6FKHPDW MHGQHJR NURNX GHNRPSR]\FML V\JQDáXZ DOJRU\WPLH SLUDPLGRZ\PZ\NRU]\VW\ZDQ\P

SU]H] WUDQVIRUPDFM
0DOODWD RUD] VFKHPDW MHGQHJR NURNX UHNRQVWUXNFML V\JQDáX

H(ω) = Σ2n(ω)

22nΣ2n(2ω)
(11)

G(ω) = e−iωH(ω + π) (12)

JG]LH 6
�Q
�Z� MHVW IXQNFM� VNOHMDQ� V]H�FLHQQ�



WOLZR�FLRZHM� QDVW
SQLH PRG\ILNDFML MHJR UHSUH]HQWDFML

F]DVRZR�F]
VWRWOLZR�FLRZHM L ZUHV]FLH RGZURWQHM WUDQVIRUPDFML

GR G]LHG]LQ\ F]DVX� %H]VWUDWQR�ü WUDQVIRUPDFML JZDUDQWXMH� *H

ZV]HONLH PRG\ILNDFMH F]DVRZHM SRVWDFL V\JQDáX V� �FL�OH

X]DOH*QLRQH RG SU]HNV]WDáFH� GRNRQ\ZDQ\FK QD MHJR

UHSUH]HQWDFML F]DVRZR�F]
VWRWOLZR�FLRZHM �U\V� ����

�� 35=<%251,.)$/.2:(-2%5Ï%.,

6<*1$àÏ:

�� �� =HVWDZSRGVWDZRZ\

%H]SR�UHGQLP FHOHP Z\NRQDQLD SLHUZV]\FK LPSOHPHQWDFML

DOJRU\WPyZ WUDQVIRUPDFML IDONRZ\FK E\áD DQDOL]D V\JQDáyZ

ELRPHG\F]Q\FK Z G]LHG]LQLH F]DVRZR�F]
VWRWOLZR�FLRZHM�

.U\WHULD GHF\GXM�FH R Z\EUDQLX �URGRZLVND 0$7/$%
D E\á\

QDVW
SXM�FH�

HNVSHU\PHQWDOQ\ FKDUDNWHU SURZDG]RQ\FK EDGD��

áDWZR�ü GRERUX �PRG\ILNDFML� SDUDPHWUyZ�

áDWZR�ü DQDOL]\ JUDILF]QHM�

áDWZR�ü RSHUDFML QD V\JQDáDFK R Uy*QHM F]
VWRWOLZR�FL

SUyENRZDQLD L Uy*QHM VNDOL DPSOLWXGRZHM�

,PSOHPHQWDFML GRNRQDQR Z\á�F]QLH QD SRGVWDZLH

F\WRZDQ\FK SR]\FML OLWHUDWXURZ\FK >�@ ��� >�@� :V]\VWNLH

SURFHGXU\ ]RVWDá\ ]DLPSOHPHQWRZDQH Z SRVWDFL P�SOLNyZ� SR

F]\P GRNRQDQR V]F]HJyáRZHM NRQWUROL SRSUDZQR�FL LFK

G]LDáDQLD ] X*\FLHP SU]\NáDGyZ SRGDQ\FK SU]H] DXWRUyZ� D

WDN*H QD SRGVWDZLH ZáDVQ\FK WHVWyZ Z RSDUFLX R WHRUL


V\JQDáyZ� .ROHMQ\P NURNLHP E\áD RSW\PDOL]DFMD ZV]\VWNLFK

SURFHGXU ]HZ]JO
GX QD V]\ENR�ü G]LDáDQLD�

3RQLHZD* WUDQVIRUPDFMH WH VSHáQLá\ SRNáDGDQH Z QLFK

QDG]LHMH V]\ENR VWDM�F VL
 VSUDZQ\P L Z\JRGQ\P QDU]
G]LHP

REUyENL V\JQDáyZ� Z\NRQDQR LPSOHPHQWDFMH LQQ\FK

WUDQVIRUPDFML IDONRZ\FK� D WDN*H NLONX QDU]
G]L VáX*�F\FK GR

EDGDQLD LFK ZáDVQR�FL �QS� RUWRJRQDOQR�FL� ]DVL
JyZ

Xk,j = WT { s(n)} (13a)

Yk,j = Mk,j • Xk,j (13b)

s (n) = IWT { Yk,j} (13c)

JG]LH ]DOH*QR�ü ���E� UHSUH]HQWXMH SU]HNV]WDáFHQLD

GRNRQ\ZDQHZ G]LHG]LQLH F]DVRZR�F]
VWRWOLZR�FLRZHM�

5\VXQHN �� ,GHD ILOWUDFML V\JQDáX Z G]LHG]LQLH F]DVRZR�F]
VWRWOLZR�FLRZHM

G]LHG]LQD F]DVX G]LHG]LQD F]DVXG]LHG]LQD F]DVRZR�F]
VWRWOLZR�FLRZD
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F]DVRZR�F]
VWRWOLZR�FLRZ\FK LWS�� RUD] QDU]
G]L GR

SURMHNWRZDQLD IDOHN R ]DGDQ\FK SDUDPHWUDFK� : WHQ VSRVyE

XWZRU]RQR ZHUVM
 SRGVWDZRZ� SU]\ERUQLND VNáDGDM�F� VL
 ] ��

SURJUDPyZ� .D*G\ ] QLFK Z\SRVD*RQ\ MHVW Z RSFM
 �KHOS��

NWyUD RSLVXMH�

QD]Z
 RUD] ]DVWRVRZDQLH�

VSRVyE Z\ZRáDQLD�

RSLV L IRUPDW DUJXPHQWyZ RUD] UH]XOWDWyZ�

OLVW
 Z\ZRá\ZDQ\FK SURJUDPyZ �P�SOLNyZ� VSR]D

]ELRUX VWDQGDUGRZHJR

3URJUDP\ ZFKRG]�FH Z VNáDG SU]\ERUQLND WZRU]� �

SRG]ELRUyZ ]RUJDQL]RZDQ\FK VWRVRZQLH GR UHDOL]RZDQ\FK

]DGD��

DQDOL]D *DERUD�

DQDOL]D IDONRZD 0RUOHWD�

DQDOL]D IDONRZD QD SU]\NáDG]LH ��PHM SRFKRGQHM

JDXVVRLG\�

ILOWUDFMD ] X*\FLHP RGZUDFDOQHM WUDQVIRUPDFML 0H\HUD�

ILOWUDFMD ] X*\FLHP RGZUDFDOQHM WUDQVIRUPDFML 0DOODWD�

SURJUDP\ SRPRFQLF]H�

:\PLHQLRQH SURJUDP\ Z F]DVLH SRQDG � ODW HNVSORDWDFML

E\á\ X*\ZDQH GR SU]HSURZDG]HQLD ZLHOX HNVSHU\PHQWyZ

QDXNRZ\FK GRW\F]�F\FK REUyENL V\JQDáyZ ELRORJLF]Q\FK Z

SHáQL SRWZLHUG]DM�F VZH ]DOHW\�

�� �� 3U]\ERUQLNZ\NáDGRZ\

: RSDUFLX R RSLVDQ\ ]HVWDZ SURFHGXU SRGVWDZRZ\FK

UHDOL]XM�F\FK REUyEN
 V\JQDáX Z G]LHG]LQLH F]DVRZR�

�F]
VWRWOLZR�FLRZHM ]RVWDá VNRQVWUXRZDQ\ SU]\ERUQLN

Z\NáDGRZ\� -HJR FHOHP MHVW ZVSRPDJDQLH Z\NáDGyZ ] ]DNUHVX

SU]HWZDU]DQLD V\JQDáyZ Z G]LHG]LQLH

F]DVRZR�F]
VWRWOLZR�FLRZHM� 3U]HZLG]LDQR REVáXJ
 � MHGQRVWHN

Z\NáDGRZ\FK �R F]DVLH WUZDQLD ��� K ND*GD� GRW\F]�F\FK

QDVW
SXM�F\FK WHPDWyZ�

WUDQVIRUPDFMD F]DVRZR�F]
VWRWOLZR�FLRZD�

QLHRUWRJRQDOQH URG]LQ\ IDONRZH�

RUWRJRQDOQH WUDQVIRUPDFMH IDONRZH�

ILOWUDFMD V\JQDáX Z G]LHG]LQLH F]DVRZR�F]
VWRWOLZR��

FLRZHM�

3U]\ERUQLN PD QD FHOX ZSURZDG]HQLH RVRE\ QDXF]DQHM Z

]DJDGQLHQLH RG VWURQ\ PDWHPDW\F]QHM RUD] SUDNW\F]QHM V]HURNR

SRSDUWH SU]\NáDGDPL� -HVW RQ Z ]DVDG]LH SU]HZLG]LDQ\ MDNR

SRPRF GOD Z\NáDGRZF\� OHF] PR*H ] SRZRG]HQLHP SHáQLü URO


SRGU
F]QLND XPR*OLZLDM�FHJR VDPRG]LHOQH SR]QDQLH OXE

XWUZDOHQLH SUH]HQWRZDQHJR PDWHULDáX� 3RGREQLH MDN Z

NODV\F]Q\P SRGU
F]QLNX � QLH SU]HZLG]LDQR LQWHUDNFML ]

X*\WNRZQLNLHP�

= SXQNWX ZLG]HQLD SURJUDPLVW\ SU]\ERUQLN VWDQRZL SRZáRN


ZRNyá M�GUD� NWyU\P MHVW ]HVWDZ SRGVWDZRZ\� :V]\VWNLH

SURJUDP\ SRZáRNL PDM� SRVWDü P�SOLNyZ Z\NRU]\VWXM�F\FK

P�SOLNL ]HVWDZX SRGVWDZRZHJR� D WDN*H VWDQGDUGRZH IXQNFMH

0$7/$%
D� 3RGREQLH MDN Z SU]\SDGNX ]HVWDZX

SRGVWDZRZHJR ZV]\VWNLH SURJUDP\ SU]\ERUQLND Z\NáDGRZHJR

Z\SRVD*RQH V� Z �KHOS� R DQDORJLF]QHM VWUXNWXU]H� 3URJUDP\

SU]\ERUQLNDPR*QD IXQNFMRQDOQLH SRG]LHOLü QD�

SURFHGXU\ REVáXJXM�FH WHNVW Z\NáDGX�

SURFHGXU\ REVáXJXM�FH SU]\NáDG\ QXPHU\F]QH�

JHQHUDWRU V\JQDáyZ WHVWRZ\FK�

�� �� 3U]\ERUQLN ODERUDWRU\MQ\

: RSDUFLX R RSLVDQ\ ]HVWDZ SURFHGXU SRGVWDZRZ\FK

UHDOL]XM�F\FK REUyEN
 V\JQDáX Z G]LHG]LQLH F]DVRZR�

�F]
VWRWOLZR�FLRZHM ]RVWDá VNRQVWUXRZDQ\ SU]\ERUQLN

ODERUDWRU\MQ\� -HJR FHOHP MHVW VWZRU]HQLH �URGRZLVND L QDU]
G]L

GR Z\NRQDQLD SU]H] RVRE
 üZLF]�F� � ��� � üZLF]H� �R F]DVLH

WUZDQLD ��� K ND*GH� R FKDUDNWHU]H NLHURZDQHJR HNVSHU\PHQWX

QXPHU\F]QHJR� .D*GD MHGQRVWND SR�ZL
FRQD MHVW LQQHPX

WHPDW\F]QLH ]DJDGQLHQLX SU]HWZDU]DQLD V\JQDáyZ L ]DZLHUD

HNVSHU\PHQW\ R ]PLHQQ\P �XV]HUHJRZDQ\P QDUDVWDM�FR�

VWRSQLX WUXGQR�FL Z\NRQDQLD� :V]\VWNLH üZLF]HQLD

SU]\VWRVRZDQH V� GR Z\NRQ\ZDQLD LFK EH] SRPRF\

QDXF]\FLHOD� 1DMLVWRWQLHMV]� FHFK� SU]\ERUQLND ODERUDWRU\MQHJR

MHVW VWDáD LQWHUDNFMD PL
G]\ RSURJUDPRZDQLHP D RVRE�

üZLF]�F�� -DNR ]DNR�F]HQLH ND*GHM MHGQRVWNL üZLF]HQLRZHM

SU]HZLG]LDQR WHVW VNáDGDM�F\ VL
 ] � S\WD�� NWyUHJR Z\QLN PR*H

E\ü SRGVWDZ� RFHQ\ �OXE VDPRRFHQ\� VWRSQLD RSDQRZDQLD SDUWLL

PDWHULDáX�



3RGREQLH MDN SU]\ERUQLN Z\NáDGRZ\� ] SXQNWX ZLG]HQLD

SURJUDPLVW\ SU]\ERUQLN ODERUDWRU\MQ\ VWDQRZL SRZáRN
 ZRNyá

M�GUD� NWyU\P MHVW ]HVWDZ SRGVWDZRZ\� :V]\VWNLH SURJUDP\

SRZáRNL PDM� SRVWDü P�SOLNyZ Z\NRU]\VWXM�F\FK P�SOLNL

]HVWDZX SRGVWDZRZHJR� D WDN*H VWDQGDUGRZH IXQNFMH
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D� 3RGREQLH MDN Z SU]\SDGNX ]HVWDZX

SRGVWDZRZHJR ZV]\VWNLH SURJUDP\ SU]\ERUQLND

ODERUDWRU\MQHJR Z\SRVD*RQH V� Z �KHOS� R DQDORJLF]QHM

VWUXNWXU]H� 3URJUDP\ SU]\ERUQLND ODERUDWRU\MQHJR VSHáQLDM�

QDVW
SXM�FH IXQNFMH�

RSLV FHOX L SU]HELHJX üZLF]HQLD�

SURFHGXU\ SRPRFQLF]H VáX*�FH GR LQWHUSUHWDFML

JUDILF]QHM L REUyENL VWDW\VW\F]QHM UH]XOWDWyZ�

JHQHUDWRU V\JQDáyZ WHVWRZ\FK�

'R SRSUDZQHJR G]LDáDQLD� ]DUyZQR SU]\ERUQLN Z\NáDGRZ\

MDN L ODERUDWRU\MQ\ Z\PDJDM� LQVWDODFML SURFHGXU QDOH*�F\FK GR

]HVWDZX SRGVWDZRZHJR� 1LH PD QDWRPLDVW NRQLHF]QR�FL

ND*GRUD]RZHM LQVWDODFML RE\GZX SU]\ERUQLNyZ � V� RQH

QLH]DOH*QH LPRJ� VL
 ]QDMGRZDüZHZVSyOQ\PNDWDORJX�

�� 32'6802:$1,(

2SLV\ZDQ\ SU]\ERUQLN IDONRZHM REUyENL V\JQDáyZ E\á

VNRQVWUXRZDQ\ Z FHOX ]DVSRNRMHQLD NRQNUHWQ\FK SRWU]HE

QDU]
G]LRZ\FK Z ]DGDQLDFK EDGDZF]\FK� D QDVW
SQLH WDN*H

G\GDNW\F]Q\FK Z /DERUDWRULXP %LRF\EHUQHW\NL �.DWHGUD

$XWRPDW\NL� $*+�.RQLHF]QR�ü WDND SRZVWDáD ZREHF EUDNX QD

U\QNX RGSRZLHGQLFK QDU]
G]L �SR]D ZHUVMDPL

GHPRQVWUDF\MQ\PL � SR]EDZLRQ\PL MDNLFKNROZLHN PR*OL� ZR�FL

]DVWRVRZD� EDGDZF]\FK F]\ G\GDNW\F]Q\FK�� -DNNROZLHN

RSLV\ZDQ\ SU]\ERUQLN VSHáQLD REHFQLH PLQLPXP VWDZLDQ\FK

SU]HG QLP Z\PDJD�� SR*�GDQH MHVW GDOV]H SURZDG]HQLH SUDF

X]XSHáQLDM�F\FK SRUXV]DQH Z QLP ]DJDGQLHQLD� :

V]F]HJyOQR�FL FKRG]L WX R UR]V]HU]HQLH ]HVWDZX SURFHGXU

SRGVWDZRZ\FK R QLH ]DLPSOHPHQWRZDQH MHV]F]H WUDQVIRUPDFMH�

D WDN*H R ]ZL
NV]HQLH Z\PLDUX RSHUDFML LVWQLHM�F\FK

WUDQVIRUPDFML GR �� FR XPR*OLZLáRE\ SU]HWZDU]DQLH �NRPSUHVM
�

REUD]yZ� 6NXWHF]Q�PHWRG� VWDáHJR GRVNRQDOHQLD RSLV\ZDQHJR

SU]\ERUQLND PRJ� E\ü XZDJL MHJR X*\WNRZQLNyZ� GODWHJR

]DLQWHUHVRZDQ\ VWDá\P Z]ERJDFDQLHP MHJR ZDORUyZ DXWRU

]GHF\GRZDá VL
 QD QLHRGSáDWQH MHJR XGRVW
SQLDQLH ZV]\VWNLP

]DLQWHUHVRZDQ\P�
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